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ABSTRACT

Author: Ramirez, Miguel, A. MSAAE
Institution: Purdue University
Degree Received: August 2018
Title: In-Silico Tensile Testing of Additively Manufactured Short Fiber Composite
Major Professor: Dr. R. Byron Pipes
The extrusion deposition additive manufacturing process produces a short fiber composite
material wherein the details of its microstructure directly depend on the manufacturing process
parameters. Performance characterization of these materials may become an expensive and
laborious proposition if many processing changes are made. The framework for virtually
characterizing the mechanical behavior of additively manufactured short fiber composites has been
created based on the homogenization methods utilized in multiscale analyses. Experimental
quantification of the microstructure of a printed carbon fiber reinforced polycarbonate with 20%
fiber weight fraction was performed. The statistical data obtained from the microstructure were
used as input parameters for a 3-dimensional representative volume element. The RVE has been
described using matrix, fiber and interfacial material models. Multiple stochastically generated
RVEs were imported into a finite element solver and progressive failure analysis was used to study
the mechanical response. The homogenized mechanical response was in reasonable agreement
with experimental results. The variability in mechanical response resulted from micro-morphology
differences amongst the stochastically generated RVEs and resemble the variability observed with
experimental results.
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1. INTRODUCTION

Computational modeling has given us the ability to see beyond the mathematics of the
problem at hand when analyzing the world around us. In other words, we explore our
computational models simply by altering the parameters of the model to understand the resulting
outcomes instead of mathematically analyzing it. The subset of the universe we wish to model is
that of discontinuous fiber composites which has been additively manufactured by extrusion
deposition. In this chapter, an overview of composite additive manufacturing and current
applications are mentioned. In addition, the process of manufacturing a layer of composite material
is provided. Previous efforts in modeling short fiber composites are reviewed. Furthermore, a
review of geometric modeling of short fiber composite systems is also given. Following the review
for geometric modeling of short fiber composites, the topic of progressive failure analysis is
mentioned and its use in modeling short fiber composites. Lastly, the motivation of this work is
stated.

Overview of Composite Additive Manufacturing and Applications of Extrusion
Deposition Additive Manufacturing
Additive manufacturing refers to the process of creating a structure by subsequent
deposition or “growth” of layers. The techniques of additive manufacturing are not unique and
encompasses a wide variety of methods for manufacturing structures by selectively adding
material. Moreover, the term “rapid prototyping” is equivalent to that of additive manufacturing;
however, rapid prototyping was used in early years to denote quick production of a prototype part
for visualization purposes. While the beginning of the rapid prototyping technology commenced
in the late 1960s, commercialization of the first additive manufacturing machine took place in
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1987 [1]. The initiated technology used a stereolithography (SL) technique developed from 3D
Systems© and the technique uses Ultra-Violet (UV) curable liquid resin which solidifies upon
exposure of UV light. The first layer is solidified by a movable laser source and stage lowers the
resin pool to immerse the solidified layer and enable subsequent solidification of layers above the
previous ones by the movable laser until the 3D structure is produced. Similarly, melt extrusion is
a technique from the additive manufacturing class that was developed in the 1990s. Melt extrusion
is also known as Fused Deposition Modeling (FDM), Fused Filament Fabrication (FFF), and
Extrusion Deposition (ED). FDM is a technique similar in SL ideology yet different in
implementation. Unlike SL, FDM does not use photosensitive liquid resin instead FDM machines
used coiled thermoplastic polymeric filaments. The end of the filament is inserted into a narrow
movable chamber that can reach temperatures high enough to melt the polymeric filament. Pinch
rollers with servo motors act on the polymeric filament and applies pressure to the filament to push
it further into the chamber. Once the filament melts, the viscosity lowers and it flows downstream
through an orifice. The pressure applied by the rollers allows for a controllable flow rate of resin
passing through the orifice. Once the molten filament is deposited onto a stagnant build surface, it
losses heat to its environment and begins to solidify. The movable chamber subsequently deposits
layers on top of previous ones to create the 3D object. Fibers may be introduced into the FDM
process if one desires, though the physics involved with processing will change. A thorough review
of the aforementioned processes can be found in a review paper written by Frketic et al. [2]. The
focus of this work deals primarily with ED or Extrusion Deposition Additive Manufacturing
(EDAM) for discontinuous carbon fiber reinforced polymers, these acronyms represent the same
process though EDAM is commonly used. EDAM resembles the FDM process; however, there
are differences in hardware and processing that distinguishes both.
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To understand the outcome of any manufacturing process, we must understand the process
itself. The EDAM process will be discussed here. If we comprehend what we can control during
the manufacturing process, we may begin to engineer structures with for tailored applications.
Physics-based process simulations are acknowledged and essential for predicting certain aspects
of the manufacturing process, details of the physical relations governing the live manufacturing
process will not be addressed here rather the manufacturing sequence of events is discussed. The
reader may find these references useful in understanding the physical laws governing the live
additive manufacturing process including EDAM [3]–[17]. To begin with, the initial material form
used in EDAM is often referred to as feedstock. The commonly used feedstock are longdiscontinuous carbon fiber reinforced pellets or short carbon fiber reinforced compounded pellets.
The manufacturing process for producing these feedstock forms are different. Long discontinuous
carbon fiber pellets are manufactured by a pultrusion process and the length of the pellets are
controlled by a pelletizer. The compounded short fiber pellets are made from an extrusion process
with discontinuous fibers of unknown fiber length distributions. The EDAM process may begin
with a known fiber length, statistically known fiber length distribution, or an unknown fiber length
distribution within the pellets. Additionally, the feedstock may contain undesirable impurities such
as voids amongst other uncertainties. The polymer constituent of the feedstock is of thermoplastic
nature and we may find feedstock with different thermoplastic polymers that exhibit distinctive
properties. The chosen feedstock is placed into an industrial drier for moisture removal. Once the
moisture is removed, the feedstock is transported to a feeder chamber that is attached to the EDAM
machine. Next, the feedstock is collected by a hopper from the feeder and fed into an extruder, see
schematics in Figure 1.1 (a). The extruder contains a screw, similar to those found in injection
molding applications. The screw rotates to shear the feedstock with surrounding heating devices
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for the purpose of melting the polymer portion of the feedstock. The viscosity of the feedstock
drops and the mixture of liquid resin with carbon fiber begins to flow forward toward the exit
nozzle. The exit nozzle is replaceable and different sizes may be chosen. Pressure is gradually built
up near the tip of the screw to force the highly viscous mixture to flow. The pressure drives the
suspension (i.e., mixture of liquid resin and fibers) toward the exit nozzle, and gear pumps can be
used to control the flow rate. The suspension flows down within cylindrical walls with the walls
eventually reducing in diameter up until the exit nozzle. The deposited suspension is referred to as
a layer or bead. Upon exiting the nozzle, the pressure at the surface of the bead relaxes and the
material may undergo some lateral expansions known as “die swell.” After deposition of a bead, a
mechanism may be employed to improve intra-bead adhesion by compacting the bead. The
compaction mechanism is usually known as a tamping and the device is called a tamper or roller.
Similar to FDM processes, the material solidifies quickly by the three modes of heat transfer:
convection, conduction and radiation. On the one hand, the extrusion assembly can be incorporated
into a gantry such that is moves in space, similar to a computer numeric control (CNC) machine.
On the other hand, the build surface may be used as a movable platform while the extruder
assembly remains in situ. The speed at which the bead is deposited is controllable, we acknowledge
there are limitations in printing speeds since some printing speeds may yield undesirable in-process
and post-process outcomes. The EDAM process subsequently deposits beads until a 3D structure
is made, similar to the FDM process. With the EDAM process, we may control the initial fiber
lengths, material forms, nozzle geometry and processing speed, and bead compaction amount. The
discussed manufacturing sequence of events of bead deposition in EDAM will produce a macroscale structure, and this macroscale structure will be composed of microscale morphological detail
as shown in Figure 1.2. Herein, we emphasize the reference coordinate system as �$ , �% and �&
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shown in in Figure 1.1 (b) and this has the same meaning as 1, 2, 3, respectively. Both conventions
will be used interchangeably and no distinction is made.

Figure 1.1 (a) Processing of feedstock through an extruder and extrusion deposition of printed
beads compacted by a tamper; (b) Reference coordinate system adopted in EDAM bead(s)

Figure 1.2 Multiscale nature of additively manufactured short fiber composite
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Relative to the history of additive manufacturing, recent significant advances in
understanding EDAM process via computational material modeling has been achieved at the
Composite Manufacturing and Simulation Center (CMSC) at Purdue University by the research
group of Dr. Byron Pipes, wherein Eduardo Barocio, Bastian Brenken and Tony Favaloro
developed a number of computational models to study the thermal-mechanical behavior of a
printed short fiber composite. Prediction of anisotropic deformation and residual stresses that stem
from EDAM processes is a capability that has been developed at CMSC to eliminate the trial and
error practice of printing structures [18], [19]. To accomplish such task, the team developed the
Composite Additive Manufacturing Research Instrument (CAMRI) to study the EDAM process.
Likewise, Oak Ridge National Laboratory (ORNL) has also made significant advances in the
understanding of the EDAM process and outcomes. ORNL has published articles which identify
warpage and residual stresses of parts produced by the Big Area Additive Manufacturing (BAAM)
printer, investigation of temperature profiles of previously deposited beads, material compatibility
with for EDAM processes using BAAM printers, and investigation of the mechanical performance
of printed materials [17], [20]–[22]. ORNL in partnership with Cincinnati Incorporated© and Local
Motors, has demonstrated the possibility of printing the frame of an all-electric vehicle using a
BAAM printer [23], [24]. Moreover, Thermwood Corporation© and Cincinnati Incorportated© are
companies in this area of manufacturing with industrial sized EDAM printers [25]–[28].
Thermwood Corporation© has demonstrated the ability to successfully print composite tools for
helicopter parts [29]. By the same token, Cincinnati Incorportated© in partnership with the U.S.
Navy, successfully additively manufactured a submersible hull from which they were able to save
90% of traditional production cost as well as shorten production time from months to days [30].
While we have discussed the applications of large scale EDAM printers from Thermwood
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Corporation© and Cincinnati Incorporated©, there are companies such as Stratasys©, Markforged©
and recently Arevo© labs with relatively smaller sized industrial composite printers. These
companies offer smaller scale composite tooling and structural print capability. Today, most
applications in large-scale composite additive manufacturing are in tooling structures made from
composite materials. Academic and research work in this area has been focused on addressing
processing predictive capabilities to detect level of part warpage and critical process induced
residual stress.
While the mechanical performance of additive manufactured short fiber composites is
important for predicting in-process residual stress build up, they are also important for end use
applications. Mechanical characterization of additively manufactured short fiber composite beads
is a non-trivial task due to many influential factors. For example, the mechanical properties of
EDAM beads will partly depend upon microstructural features such as: fiber orientation in space,
fiber length, interfacial bond, fiber volume fraction, fiber diameter, void volume fraction, and void
shape/size. The microstructural features are typically defined by the additive manufacturing
process. Researchers such as Duty et al. investigated the mechanical properties of neat
Acrylonitrile Butadiene Styrene (ABS) and carbon fiber reinforced ABS for selected printing
parameters as well as changes made in their BAAM system [22]. They found an overall
improvement in mechanical performance along the �$ direction when neat ABS was reinforced
with 13% carbon fiber volume fraction. They further investigated the mechanical performance
from two sets of specimens; one set contained specimens compacted by a tamper and the second
set did not contain tampered samples. The compactions motion occurs along the 3-direction axis
and allows for re-orientation of fibers in the 1-2 plane. Due to the reorientation of fibers, an
improvement in mechanical performance in both the 1 and 2 directions was observed. Specifically,
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the strength in the 1 direction increased from 53.3MPa to 58.9MPa which was a 10% improvement
and the stiffness in the 1 direction increased from 8.18GPa to 8.86GPa which was an 8%
improvement. Likewise, the 2 direction strength doubled from 12.8MPa to 24.5MPa and the
stiffness along the 2 direction increased from 2.26GPa to 2.86GPa. They also studied mechanical
the mechanical performance due to a change in the screw design; however, there were no
substantial changes in the mechanical properties for the carbon fiber reinforced ABS. These initial
studies revealed processing induced mechanical performance, though their findings are not
exhaustive. To better highlight the changes in mechanical performance from changes in material
form, the additive manufacturing research team at Purdue University characterized four types of
carbon fiber reinforced polymers. The four material forms were manufactured with the Large Scale
Additive Manufacturing (LSAM) machine developed by Thermwood Corporation©. The material
forms were 13% carbon fiber filled polycarbonate (PC), 13% filled ABS, 19% filled polysulfone
(PSU) and 19% filled polyethersulfone (PESU). The strength of these materials were between
68MPa to 106MPa along the 1 direction, and between 24MPa to 62MPa along the 3 direction.
Similarly, the stiffness along the 1 direction was observed to be between 7.7GPa to 8.9GPa, and
between 2.8GPa to 3.3GPa along the 3 direction. The values of strength for the 1 and 3 directions
for the materials processed by the LSAM can be found in Figure 1.3. Lastly, the span of different
obtained mechanical properties obtained by multiple research scientists is provided by Brenken,
he has compiled a summary of the mechanical performance of composite materials that have been
processed through smaller FDM style printers and larger ones such as the BAAM [9].
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Figure 1.3 Ultimate strength of extrusion deposition additively manufactured carbon fiber
reinforced ABS, PESU, PSU and PC materials along the �$ direction and �& direction

In EDAM short fiber composite beads, the microstructural phases are on the order of
micrometers. Micromechanics have been a popular choice in composite materials, it accounts for
heterogeneous phases at the microscale. The usefulness of micromechanics has been in predicting
mechanical properties from the microstructure of composite materials, be it short fiber or
continuous fibers. Micromechanical models and their extending applicability will be discussed
later on, and we shall mention the micromechanical philosophy in brevity. The main goal of
micromechanics is to take constituent properties obtained from the microstructure and predict the
composite’s mechanical performance based the microstructural details. Some models may become
complex due to the details of the microstructure, though there are simple ones that help in obtaining
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a ball park figure such as the Voigt and Reuss rules of mixtures. For tackling the in-silico problem
of virtual characterization of additively manufactured short fiber composite, micromechanics will
be considered.
One of the most important microstructural descriptors is the fiber orientation. For a
thorough review of fiber orientation descriptions, flow induced orientation changes, and fiber
motion immersed in a viscous fluid, the following references may be helpful [31]–[39]. The fibers
are typically oriented in many different directions from one another in a short-fiber composite. It
is dictated by the common sense and practical necessity to “…embody the idea of many directions
to describe fiber orientation and call it fiber orientation state …” [40].
First, fibers are typically assumed to take a cylindrical shape and because of this
assumption, we may describe the orientation of a transversely isotropic geometry of a single fiber
with a unit vector � = �* collinear with the cylindrical fiber longitudinal axis. A unit vector, with
the scalar product being unity, �* �* = 1, pointing along the fiber axis should be relative to some
reference coordinate frame. The unit vector can be described with Eulerian angles �, � in the
spherical coordinate system as shown in Figure 1.4 (a) but may also be represented in component
form �$ , �% , �& in the Cartesian coordinates. The components of � are related to �, � as given
by Eq. (1.1).

�$
sin � cos �
�* = �% = sin � sin �
�&
cos �

(1.1)
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(a)

(b)
Figure 1.4 (a) Definition of Eulerian angle showing components of a unit vector p; (b) examples
of orientation states within a volume described by the second order orientation tensor
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For a single fiber with a local orientation vector �, the second order orientation tensor �*5 [31] is
defined as the dyadic product of the unit vector with itself, as given by Eq. (1.2).
�$ �$
…
�*5 = �* �5 =
����

�$ �%
�% �%
…

�$ �&
�% �&
�& �&

(1.2)

The distribution of fiber orientations within a volume occupied by a composite represents
the orientation state. The most general description of the orientation state within a composite
system of many fibers is the probability distribution function. The probability distribution function
(PDF) for orientation, also known as the orientation distribution function, � �, � is defined so
that the probability of the fiber lying between angles � and �� , � and �� is given by
� �, � sin � ����.
When the PDF contains too much information, the second order orientation tensor can be
used as a convenient and compact description of the orientation state, as given by Eq. (1.3).
%= =

�*5 =

�* �5 � �, � sin � ����

(1.3)

??

The properties of the second order orientation tensor are summarized by Eq. (1.4):
�*5 = �5*
�$$ + �%% + �&& = 1
0 ≤ �** ≤ 1

(1.4)

−0.5 ≤ �*5 ≤ 0.5 � ≠ �

The tensor description was developed as a simplification of the PDF, as it substitutes fewer
number of scalar quantities for the distribution function to describe the orientation state. Figure
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1.4 (b) illustrate examples of different orientation states described with the second order
orientation tensor. When �$$ approaches unity, all fibers are along axis 1. When fibers are
randomly aligned, �$$ and �%% are equal, and if the principal orientation is not along coordinate
directions, �$$ is nonzero.
The discrete form of the orientation tensor for discrete orientation distribution, � I

K
IJ$

,

is given by Eq. (1.5).
1
�*5 =
�

K

�* �5
IJ$

I

(1.5)

An orientation distribution function (ODF) may be extracted from orientation tensors, though it is
not unique for a second order orientation tensor. An ODF is a derived from the probability
distribution function of the fiber angles, the difference is that an ODF satisfies the concept of
indistinguishability when rotated by � (i.e., it satisfies the relation �* = −�* ). To obtain an ODF
from a second order orientation tensor, we will need to use a closure approximation. There exist
many different types of closures, each suitable only for certain cases and largely applicable in flow
simulations. More on the subject of fiber orientation will be provided later on. However, we may
still exploit its use in the generation of a virtual microstructure given an adequate closure
approximation.
In the EDAM systems such as the BAAM, LSAM and the CAMRI, a screw is typically
used to process the feedstock. The choice of screw is subjective and application driven; however,
it must accomplish the task of uniformly melting the feedstock so that it may flow. Fiber attrition
has been widely observed in manufacturing processes which involve using a screw to process
composite pellets. There are similarities in the mechanics of fiber attrition in both injection
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molding and EDAM processes. Moreover, there is a plethora amount of studies connecting
processing parameters of the injection molding process to the resulting fiber length distribution.
Additionally, there have been attempts to understand the connections between injection molding
parameters and the resulting mechanical properties; however, they were futile attempts due to the
realization of other microstructural variables at play influencing the final mechanical performance.
Nevertheless, fiber length is not an independent variable in relation to the performance of molded
or extruded materials. For example, it is well understood and accepted that the performance of a
composite reduces with decreasing fiber length despite the fibers being aligned to the loading
direction. Therefore, we must not neglect the influence of the resulting fiber length distribution
after processing since it will guide us to a more accurate representation of the mechanical
performance when modeling the material in question. To digress from the importance of the
resulting fiber length distribution, the mechanism of fiber length attrition will be briefly discussed.
Gupta et al. studied the reduction of fiber lengths in glass fiber-reinforced polypropylene with
processing, their studies found fiber attrition occurring at the solid-melt interface within the melt
zone of the extruder [41]. A bending moment arises in the fiber due to the flow of the polymer and
the fixed extruder barrel wall which promotes breakage of the fibers. Czarnecki and White further
suggest the shear flow induced stresses promote fiber breakage because of the bending modes they
enable which results in fiber buckling [42]. Khanh and coworkers suggest the process of fiber
attrition being independent of molding parameters [43]. Furthermore, Shimizu et al. reported
decreasing fiber length with increasing screw speed for glass fiber reinforced polypropylenes [44].
In short, the changing speed of the screw influences the fiber length distributions; moreover, the
screw speed may undergo changes as needed during the EDAM process. Nevertheless, quantitative
measures of the changes in fiber length distributions is a cumbersome process and we shall focus
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our analysis given a particular distribution of fibers after general EDAM processing. Furthermore,
some EDAM systems may incorporate flow controlling mechanisms such as a gear pump which
further stimulates fiber attrition due to high shear forces between the closely spaced gears. The
additional fiber length reduction caused by gear pumps remains not well understood or reported.
Since EDAM systems or typical FDM machines are not hermetically sealed machines, it
is of no surprise to find voids within a deposited layer of material and even between adjacent layers
[5], [45]. Air may as well be entrapped within the feedstock or filament. Voids have the ability to
degrade the mechanical performance of traditionally manufactured composites, and to reduce void
count if possible is desirable [46]. Likewise, in EDAM processes it is beneficial to reduce the void
content. Unfortunately, void formation and mitigation are not well understood and currently is a
challenge to the EDAM community. While voids are inherent in all EDAM processes, we shall
consider their influence on the mechanical performance of deposited beads. Oliver et al. suggest
void size and location play a crucial role in mechanical performance of autoclave carbon epoxy
laminates, since two laminates with similar void volume fraction exhibited dissimilar strength
properties albeit the stiffness remained equivalent [47]. Due to this observation, void shape and
size engenders the need to include them into our simulations.

The Concept of a Continuum, Representative Volume Element, and Geometrical
Modeling of Short Fiber Composites
In studying structures made from one or more materials, we acknowledge the fundamental
building blocks of nature which govern structural behavior. The fundamental building blocks of
nature consist of atoms and molecules, organized as to minimize the energy of the system which
may appear periodic or stochastic. Before discussing the concept of a representative volume
element, we make use of the continuum approximation. The continuum approximation neglects
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the atomic or molecular structure of matter and assumes that at the micro-level the behavioral
characteristics of the ensemble become a constant average value. Furthermore, the material is
assumed to not have gaps or empty spaces. With the exception of a finite quantity of internal
surfaces violating continuity, the continuum approximation employs continuous mathematical
functions and further implies that their derivatives too are continuous. If we accept this assumption,
it then allows us to define stress at a particular point within the structure and enables the use of the
available methods of calculus to analyze the non-uniform stress distributions of the structure in
question. The assumption of continuity allows for the application of differential calculus to
describe the physical phenomena of interest.
The concept of an RVE begins with the ergodic principle, which states that the outcome of
averaging over all events within an arbitrary sample space of the ensembles is equivalent to the
averaging over the volume of one event in the sample space as the limit of the volume approaches
infinity [48]. In essence, the ergodic principle allows us to swap the averaging of ensembles with
that of the volume as the volume in respect approaches infinity. Practically, infinite spatial spaces
do not exist and instead we use a finite sampling of the space in consideration. Ergo, the finite
sampling of the space in consideration is termed as a representative volume element. In essence,
an RVE is a volume that must be large enough to capture as much heterogeneities as possible such
that it is statistically representative of the material. For example, in the context of EDAM beads,
an RVE must contain inhomogeneities such as fibers, voids, and matrix. However, due to the
continuum approximation, it must remain small enough to be a point within the macroscopic
material, see Figure 1.5. The ergodic principle and continuum hypothesis are conflicting arguments
when describing an RVE; however, the concept of an RVE generally does not have a definite
length scale and is incumbent upon engineering judgement to determine an adequate size of the
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RVE. Nevertheless, there are many definitions of an RVE, and we shall acknowledge them in
considering the study of additive manufactured beads [48]–[52]. An RVE is said to have a
sufficiently large length scale relative to the inclusion size such that it is independent of the applied
boundary conditions [52]. Furthermore, Hashin states that a proper representation of the ensemble
averages must preserve global geometrical characteristics (e.g., inclusion volume fractions) [50].
While the concept of an RVE is mathematical, we adopt a more pragmatic definition of an RVE
yet consistent with experimental results. Here, we adopt the concept of an RVE being large enough
to capture as much heterogeneities including fiber lengths, orientation, and inclusion volume
fractions such that it can still somewhat be considered a point within a bead. The adopted concept
may imply that the larger the bead becomes, the more in agreement the RVE is in respect to the
mathematical definition.

Figure 1.5 Steps taken from an irregular microstructure to an idealized microstructure from
which an RVE is selected from and homogenized by micromechanical analysis [53]
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Since the goal of micromechanics is to determine the unknown macroscopic constitutive
laws or effective material properties from microstructural information, we may acquire the
effective material properties through means of homogenization of the micromechanical model we
choose. Homogenization also represents statistical averaging of the field we choose to analyze, it
is also termed mechanical homogenization if we speak of stress and strain fields. Therefore, the
idea is to derive the effective macroscopic material properties resulting from the micro-structure
(i.e., constituent material properties, constituent geometry and topology). It is noteworthy to
mention the absence of body forces in RVE analyses, meaning the microstructures of materials are
typically studied without gravitational forces acting on it or any other body force. The validity of
such assumption lies on the fact that if the RVE is truly small enough, we may neglect inertial or
body forces at play in static analysis. As a result, the equilibrium equation inside an RVE is written
as shown in Eq. (1.6), in tensor notation. To lead the discussion on the method of homogenization,
we may define the volume average of any mathematical quantity as shown in Eq. (1.7) below, �
may denote a scalar, vector, or tensor. The bar over the function signifies it is an effective value,
and the V denotes volume of space in consideration.

� ⋅ � = 0 �ℎ��� �*5,5 = 0

� =<� >≡

1
�

���
Z

(1.6)

(1.7)

For virtual material characterization, the boundary conditions imposed onto the virtual
micromechanical model are such that they reflect both (i) the deformation of the homogenized
medium at macro-scale (e.g. uniform macro-tension) and (ii) the deformation of the micro-volume
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constrained in a certain fashion. As of today, there are three popular and accepted types of
boundary conditions and these are the kinematically uniform boundary conditions (KUBCs), the
statically uniform boundary conditions (SUBCs), and the periodic boundary conditions (PBCs).
While KUBCs are homogenous displacement boundary conditions, SUBCs are known to be
homogenous stress boundary conditions. Moreover, KUBCs are known to provide a minimum
strain energy whereas SUBCs are known for providing maximum strain energy [54]. In other
words, KUBCs lead to an upper estimate of the effective properties and SUBCs lead to a lower
limit of effective properties. On the other hand, PBCs have been shown to lead toward an average
effective property which implies it lies between KUBCs and SUBCs estimates [55], [56]. Both the
KUBCs and SUBCs converge to that of PBC as the RVE size increases. Due to the fact that PBCs
provide the most reasonable estimates in properties relative to the other types of boundary
conditions, it is adopted for all RVE analyses in subsequent chapters. As SUBC imply the force
control loading conditions, they cannot be used in the simulation of the displacement control
loading test. KUBC over constraint the RVE boundary surfaces, as they keep them planar.
There are two fundamental theorems in micromechanics, these are the average stress
theorem and the average strain theorem. The average stress theorem states that if a heterogeneous
body is subjected to tractions on its boundary surface by a constant stress tensor, �*5? , then the
average stress field within the body is equivalent to the constant stress tensor applied on the surface.
The heterogeneous body is assumed to be in static equilibrium and due to the absence of body
forces, it must satisfy the equilibrium relations, namely �*5,5 = 0. We may rearrange the stress
tensor mathematically to then exploit the divergence theorem. The average stress theorem is shown
below, from Eq. (1.8) to Eq. (1.10).
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The average strain theorem follows the same logic, that is if a heterogeneous body is
?
subjected to an applied displacement boundary condition by a constant strain tensor, �*5
, then the

average infinitesimal strain field is equivalent to that of the constant applied strain field at the
boundary surface. We may not directly assume that the strain field within a body is constant, due
to the inclusions with drastically different constitutive properties we may obviously have a
heterogeneous strain field. The wonders of this theorem is that despite any possible sophisticated
strain field that may exist within the body of interest, its average must be what is applied at the
boundary surface. The average strain theorem is provided from Eq. (1.11) to Eq. (1.13).
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While one may apply any sort of boundary conditions to an RVE, we follow that of the
Hill-Mandel macrohomogeneity condition. It is noteworthy to mention that all the aforementioned
boundary conditions (i.e., KUBCs, SUBCs, and PBCs) satisfy the Hill-Mandel macrohomogeneity
condition, this is important because it enforces both homogeneous and heterogeneous bodies to be
energetically equivalent in terms of the strain energy density. In other words, the homogenized
RVE is said to store the same amount of strain energy density as that of the heterogeneous body
from which it was sampled from. The Hill-Mandel macrohomogeneity condition is shown below.
The art of this condition lie in the fact that if we wish to satisfy the energetic condition, then we
must vanish the surface integral by imposing any of the three boundary conditions (i.e., KUBCs,
SUBCs, and PBCs). The Hill-Mandel condition further reinforces our choice of the PBCs for our
RVE analyses and is shown in Eq. (1.14) and Eq. (1.15).

�*5 �*5 − �*5 �*5 = 0

(1.14)
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While there are many ways to form a microstructure for micromechanical investigation,
we shall consider the creation of a complex microstructure to be subjected for finite element
analysis. Complex microstructure is used herein to denote non-idealized configurations of the
constituents occupying the volume of interest (e.g., square or hexagonally packed microstructures),
which means the spatial arrangement and orientation of inclusions may be non-deterministic. We
must find a method of virtually creating an RVE and there are several methods to accomplish such
task. Pan and Pelegri provide a well written summary on the random sequential adsorption and
Monte Carlo methods of virtual RVE generation [57]. In general, there are three main methods to
construct an RVE, these are the random sequential adsorption (RSA) process, the Monte Carlo
technique, and X-ray micro-tomography. Information regarding the RSA scheme can be found in
the following references [58]–[63], for Monte Carlo schemes [64]–[66], and micro-tomography
[67]–[69] . We shall focus on the RSA method since it is readily available through the commercial
software Digimat©. To begin with, a 3-dimensional space is constructed, this space may be a cube
or a rectangular prism. The inclusion is described by a center point, radius, length, and two angles,
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namely � and �. An ODF must be provided from which a pseudo-random number generator may
be used for sampling the ODF. The pseudo-random number generator of uniform probability
applies a spatial translation and size transformation if the inclusions have non-uniform sizes.
Interpenetration of the inclusions are checked, if interpenetration yields true, then the algorithm
reverts to apply a new translation, rotation and size transformations. If the geometrical conditions
are satisfied, the algorithm computes the updated volume fraction and begins to sequentially add
more inclusions until the requested volume fraction is achieved or a jamming limit has occurred;
in other words, a jamming limit refers to remaining gaps being smaller than the inclusion size(s)
defined [58]. The limitations of using the RSA (and Monte Carlo) is that of achievable volume
fractions of fiber inclusions of fixed aspect ratio. It has been shown that for a fixed aspect ratio, a
percolation threshold of ellipsoidal inclusions limits the achievable volume fraction below 30%
[70]. We may overcome percolation thresholding or jamming limits by allowing reductions in
inclusion size such that small inclusions may fit within empty gaps left behind by larger inclusions
in their jamming limits. While the RSA algorithm may not pose a tremendous challenge to
materials with reasonable aspect ratios 4 - 32 and relatively low volume fractions, 13% – 19% as
found with some commercially available EDAM feedstock, we face an inevitable challenge with
high volume fraction feedstocks which are 30% or higher. Nevertheless, we begin our analyses
with the low volume fraction commercially available feedstock currently used by industry in
EDAM processes.

Overview of Methods for Analysis of Short Fiber Composite Effective Properties
It is well acknowledged that micro-structure morphology of a short-fiber composite plays
an important role in stress transfer between the fibers and matrix and consequently affects the
ultimate load carrying characteristics of a composite. Therefore, an ability to represent the details
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of micro-morphology in the computational model of Short Fiber Composite (SFC) is a prerequisite
of developing a high-fidelity analysis tool for composite performance assessment.
During the past years, there has been a number of approaches formulated to evaluate the
effective elastic properties of a unidirectional short fiber composite. These are Voigt and Reuss
approximations, shear lag model, Eshelby inclusion approximation, self-consistent scheme, MoriTanaka scheme, and Halpin-Tsai model.
There can be specified three major micromechanical approaches to predict overall
(effective/macroscopic) stiffness and strength of a short fiber reinforced composite with complex
orientation state:
1. Approaches based on the modified rule of mixtures
2. Approaches based on the laminate analogy
3. Approaches based on the direct numerical analysis of an RVE (virtual sample of
composite micro-structure).
These approaches incorporate the details of SFC micro-structure using the levels of
abstraction of varying complexity.
The often used theory to model the stiffness and strength of a misaligned short fiber
composite was developed by Cox [71] and further improved by Krenchel [72], afterwards it has
been revised by a number of authors [73]. Cox’s developed the shear-lag model for aligned
discontinuous fibers in an elastic matrix. The efficiency of stress transfer from the matrix to the
fiber increases with fiber length but it can never reach 100%. Cox introduced a fiber length
efficiency factor into the rule-of-mixtures equation for the composite modulus in order to address
the effect of fiber length on reinforcement efficiency. Krechcel extended this theory to take fiber
orientation into account by adding a fiber orientation factor into the rule-of-mixtures equation.
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Therefore, a modified rule of mixtures has been developed through the introduction of fiber length
and fiber orientation factors into a conventional rule of mixtures to take into account the fiber
length and fiber orientation effects on the SFC properties, this is shown in Eq. (1.16).
�h = �i �j �k �k + �l �l
(1.16)

�hm = �i �j �k �k + �l �l

where �i and �j are the efficiency factors for fiber orientation and fiber length, respectively.
The fiber orientation efficiency factor, �i , can be determined by using the following equation as
proposed by after Krenchel:
�i =

�n ��� q �n

(1.17)

where �n is the proportion of fibers making an angle theta with respect to the composite
longitudinal direction. For the random in-plane orientation of the fibers, �i = 0.375. The shearlag theory developed by Cox gives
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where � is the fiber length, �l is the shear modulus of the matrix, r is the fiber radius and R is
related to the mean spacing of the fibers. The r/R factor can be related to the fiber volume fraction
�k by:
ln

�
�
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(1.19)
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where �* depends on the geometrical packing arrangement of fibers (e.g. the value of �* =4.0 is
appropriate for square packing of the fibers [73]).
Kelly and Tyson developed a model which could account for the short fiber length
distribution. The Kelly-Tyson model [74] originally assumed that all fibers were aligned in the
loading direction but considered the effect of fibers shorter (sub-critical) and longer (super-critical)
than the critical fiber length. The strength of SFC is sometimes estimated according to the KellyTyson/Krenchel modification of the rule-of-mixtures [74]–[77] as shown below in Eq. (1.20).
�hm = �i
j j

��* �k,*
+
�k

�k �k,* 1 −
j j

�h
2�5

+ �l �l

(1.20)

where �* and �5 are the sub-critical (i) and supercritical (j) fiber length; �h is the critical fiber length;
�k,* and �k,5 are the volume fraction of fibers with �* and �5 fiber length; � is the fiber-matrix
interfacial strength; �k is the fiber diameter; �k is the ultimate stress of fiber; �l is the matrix
stress at the composite fracture strain.
Laminate analogy approach was first introduced by Halpin and Pagano [78]–[81], wherein
they proposed to mathematically model a random or nearly random SFC as laminated system, or
a pseudo-laminate, as schematically shown in Figure 1.6. A laminate model consists of layers of
unidirectional short fiber composites, with the volume fraction in a layer oriented at an angle alpha
being governed by the percentage of fibers at an angle alpha in the actual material. Different
theories can be used to estimate the properties of unidirectional short-fiber pseudo-plies, e.g.
Halpin-Tsai equations [79], [80]. Fu and Lauke [81] utilized the laminate analogy approach and
accounted for the fiber orientation and length distributions to calculate the SFC modulus.
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Figure 1.6 Schematic of laminate analogy for predicting mechanical properties of a 2D SCF [82]

In the exciting work of Pan, Iorga and Pelegri, the overall homogeneous elastic properties
and local stress state of a chopped fiber reinforced composite was studied using micromechanical
finite element models [57]. The interactions of over-crossing fibers were subjected to finite
element analysis using continuum micro-mechanics. Two cases were considered, the first was with
two fibers orthogonal to each other but overlapping in space and the second was with an RVE
consisting of 12 overlapping fibers. The essence of their study was to analyze the spatial
configuration on the localized inhomogeneous stress state and homogenized elastic response. For
the case of two isolated overlapping fibers, the stress concentration (defined as the ratio between
local uniaxial stress and the average uniaxial stress) increases with decreasing inter-fiber spacing.
By the same token, this stress concentration further increases upon further addition of fibers within
the RVE (i.e., increasing fiber volume fraction). Moreover, the effective elastic moduli increased

28
with increasing inter-fiber spacing for both cases; however, this effect was deemed negligible for
low volume fractions. The concern then lies in applications with higher volume fractions, where
if one employs model network theory to quantify the number of contact points in high volume
fraction applications, a relative increase in modulus along the uniaxial strain direction can be found
to be up to 34.5% for a volume fraction of 54.6% and an average number of contact points of 8.
Lastly, there was no notable differences for fibers tilted in-plane or out-of-plane on the elastic
moduli along the uniaxial straining direction. While this idealized study reveals the increase in
stress concentration with decreasing inter-fiber spacing and increase in effective moduli, the
presence of voids and additional spatial configurations of fibers were not studied. Moreover, the
estimate increase in effective moduli may be argued to be underestimated if the same logical
approach is used. In the case of high fiber volume applications where fibers may potentially be in
intimate contact, the localized stress may be different from the case when the fibers spacing is 1.05
times the dimensionless fiber diameter of unity. To validate this assumption, the number of contact
points should have been obtained for a low volume fraction and compared with the finite element
results. Furthermore, the number of contact point formulation has a dependency on the aspect ratio
of fibers by which implies that for longer aspect ratios we shall expect a further increase in stress
concentration. Such an increase in stress concentration seem counter-intuitive considering the use
of contact points rather than contact surfaces. Furthermore, KUBCs were imposed onto the RVE
and may this choice may be attributed to the choices given by the FEA solver Abaqus/Standard
(Implicit) at the time of study; Nonetheless, KUBCs do lead to overestimations of mechanical
properties. Therefore, more runs should have been performed to analyze the statistical variations
in properties. Nevertheless, the study of stochastic fiber spatial configurations and their influence
on localized stress distributions and mechanical properties remains open.
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To overcome the challenges of achievable low volume fractions using the RSA method,
Pan et al. modified the algorithm to generate straight and curved fibers [83]. If the fibers are
allowed to bend or curve around each other, there will be portions of the fibers (i.e., curved portions)
which will inherently lead to the increase in material occupying the space. Due to the modification
of the RSA algorithm for the bent inclusions, a fiber volume fraction of 35.1% was accomplished.
One drawback of their implementation of bent fibers are such that they inherently contain sharp
corners as the fibers bend to avoid penetration, these sharp corners may lead to an inaccurate
solution as there may arise stress concentrations in those regions. The study found a 5.8%
difference in the in-plane elastic modulus for the 2D random in-plane oriented short fiber
composite with the Halpin-Tsai equations. However, experimental validation of their simulations
was not provided and their model, at the time, was not subjected to progressive failure analysis for
strength predictions. While the use of curved fibers may be an attractive approach in modeling
higher volume fraction composites, there is the possibility of allowing for length reduction of the
fibers to accomplish a higher volume fraction. Often in applications, there is seldom a preservation
of fiber length, especially if the manufacturing process is harsh such as in injection molding or
EDAM, instead there are high chances of finding a distribution of fiber lengths. Distribution of
fiber lengths may be used to justify the length reduction of fibers in order to achieve a higher
volume fraction.
Harper et al. in a two paper series address the effects of boundary conditions and RVE size
on a 2D finite element model consisting of short fibers composites [84], [85]. In their study, their
2D fiber architecture uses the RSA to place fibers within a region of interest (ROI). The fibers are
allowed to undergo interpenetration, which is the reason why high volume fractions were
accomplished, namely up to 50%. In the interest of 2D finite element modeling, they have shown
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an embedded element technique that is suitable for analysis which is has been shown to be
appealing since it is computationally faster and the accuracy relative to conventional meshing was
revealed to be within 1% error difference. Furthermore, two test cases were considered which were
a heterogeneous approach for which fibers were dispersed over a large area denoted as a model
boundary and the RVE was a small ROI within the model boundary. The second case was a
homogeneous approach, the difference was the region between the ROI and the model boundary
was substituted with a homogeneous material. The homogeneous approach allowed for a reduction
in computation time and shorter decay lengths, and was indeed found to have a shorter decay
length relative to the heterogeneous approach. The shorter decay lengths were based on the Saint
Venant’s principle, which states that the solution of the model is valid if it is taken from a region
sufficient far away from the applied boundary condition (i.e., if the sophisticated boundary
condition applied has been swapped with a statically equivalent one). Shorter decay lengths then
further imply short computation run time. In the second part of their paper series, they concluded
that a 2D RVE must have an edge length four times the fiber length despite the volume fraction
for accurate effective mean elastic properties. The study further suggested that it was
computationally efficient to simulate fewer RVEs larger in size than many smaller models to
obtain the effective elastic response. Nevertheless, the study of short fiber composites was limited
for 2D finite element analysis with interpenetrating fibers and does not capture the 3D stress states
that exists with fibers arranged either in a periodic or stochastic fashion.
Iorga et al. numerically investigated the effective elastic mechanical properties of a short
fiber composite and compared their finite element solution with that of the orientation averaging
of the stiffness tensor and the laminated random strand method [83]. There were two finite element
models generated by the RSA algorithm and subjected to KUBCs which are of uniform strain type.
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Periodic geometry was imposed. The first model embedded fibers of fixed aspect ratio of 10 and
a 15% fiber volume fraction with fibers not exceeding an out-of-plane angle within ±10 degrees,
the second model contained fibers of aspect ratio of 20 and 20% fiber volume fraction with fibers
not exceeding an out-of-plane angle ±5 degrees. In other words, both models exhibit a nearly 2D
random in-plane orientation with the axis of symmetry being the z-direction. In both models,
variations in fiber lengths, fiber contact, fiber agglomeration, void inclusions are not accounted for
in their effective elastic properties computations. While both the orientation averaging and the
laminated random strand method will not be discussed in detail here, a detailed review of the
methods can be found in literature [31], [86]. It is straightforward to compute the stiffness from
the orientation average method, though the laminated random strand method takes more effort due
to window sampling. The window-type method seeks upper and lower limits by varying the inplane area of consideration, and a finite number of slices through the thickness is obtained. An inplane stiffness matrix is computed as typically done in classical laminate plate theory, 𝑄*5 , from
the effective orientation state within the sampled area. Moreover, these in-plane stiffness matrices
are thought of as laminas (in the conventional sense), and its computed average, 𝑄*5 , is the effective
elastic response of the volume of interest. The flaws of the laminated random strand (LRS) method
become evident if we envision the planar sample size, the volume fractions may not be preserved
and local fiber aggregate effects become pronounced. Furthermore, LRS method does not account
for out-of-plane orientations which is inherently a limitation. In short, the finite element model
and the orientation averaging showed relative errors below 3% for all components of the elastic
stiffness tensor; however, the comparison between LRS method and the finite element model
largely depended upon the window size. Even though it is suggested that a window size of “1.5
⋅ 𝑙k ” (where 𝑙k denotes fiber length) for the LRS method provides a reasonable estimate of the
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elastic properties, it is believed this will substantially vary with volume fraction of the RVE as
well as the size of the RVE. Despite validation of the finite element model with two theoretical
relations, it is believed experimental results are needed to fully validate the finite element model.
Ha et al. [87] developed a multi-scale approach combining a meso-scale RVE and a microscale finite element RVE for progressive failure prediction of macro-response of short fiber
reinforced composite. The meso-scale RVE represents the fiber orientation state from which the
composite macroscopic mechanical behavior stems, while the micro-mechanical unit cell captures
the fiber and matrix strains based on the meso-scale strains.
Pike and Oskay [88] developed a micromechanical progressive failure analysis of a SFC
based on the extended finite element method and cohesive zone modeling to address matrix
cracking and fiber/matrix debonding.

General Overview of Progressive Damage Modeling
Composite Strength

The strength of composite materials must be known to the engineer who wishes to design
a structure for a given application. We shall make the distinction between failure and damage, as
these are two separate behavioral descriptions. While failure is conventionally denoted as the
complete loss of global structural integrity or load bearing ability, damage is termed as the gradual
reduction of load carrying abilities due to the nucleation and growth of small cracks. The
accumulation of damage (i.e., the coalescence of the small cracks) is what gives rise to the failure
phenomenon. Materials in general respond in a brittle or ductile fashion, the former relates to
catastrophic failure with insignificant deformation and the latter signifies complete failure after
significant deformation. In traditionally manufactured composite laminates, the tensile failure of a
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laminate (of unidirectional laminas) where the loading is parallel or perpendicular to the fiber
longitudinal axis, the failure is typically of brittle nature. During testing of such laminates, often
we will begin to hear loud “dings” and cracking noises, as loading progresses, which are indicative
of fiber breakage and matrix cracking. Due to these observations as well as studies from literature
involving cyclic loading of composites [89], composite materials are deemed to fail in a
progressive manner. Typical failure modes for composites include: fiber pull-out, fiber breakage,
matrix cracking, fiber kinking, fiber micro-buckling, interfacial de-bonding and delamination [90].
We shall shortly discuss available failure models for composite laminates, suffice it to say that
none of the failure models provide accuracy in failure predictions according to the world wide
failure exercise [91]. However, some may or may not provide reasonable results depending on the
loading application.
Composites are known for their high strength to weight ratio characteristics. For
unidirectional laminates, the load bearing capabilities exist in the direction of the fibers. As the
relative angle between the longitudinal axis of the fibers and loading direction increases, the failure
strength of the laminate begins to decrease. In fact, as much as 10° can result in a drastic decrease
in performance (i.e., stiffness and strength) for unidirectional laminates.
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Figure 1.7 (a) Average stiffness vs off-axis angle for Kevlar/Epoxy unidirectional laminate (b)
Average strength vs off-axis angle for Kevlar/Epoxy unidirectional laminate
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The plot in Figure 1.7 above illustrates the off-axis strength and stiffness behavior of
unidirectional Kevlar composites. While such realization of strength and stiffness reduction due to
misalignment of fibers can be of concern, it allows designers to optimize structures by placing
these laminates where needed if the loading conditions are well known. Furthermore, it is generally
known that as fibers become discontinuous, their optimal strength is below that of their continuous
fiber composite counterparts.

Progressive Damage Analysis
A short fiber composite is a micro-scale heterogeneous structural system possessing
internal redundancy. A structural system consisting of elements without redundancy would fail if
any of its elements failed. However, when some of the elements are redundant, these elements can
fail without causing immediate failure to the entire structure, and the structural system may keep
bearing load redistributed among the remaining elements. Therefore, the complex redundant
system may gradually deteriorate, which eventually leads to its abrupt overall failure. The
degradation of the overall material system properties resides in the progressive development of
localized sub-scale failures (i.e., damage), while all-system failure takes place when a critical
amount of sub-scale damage is accumulated culminating in the formation of the macroscopic crack
that goes from one side of the structural system to another. Initial localized failures may happen at
multiple locations in a heterogeneous redundant system, forcing the redistribution of stress in the
system among the undamaged components and development of alternative paths of damage
progression. At the state of ultimate failure, a system can no longer support any increase in applied
loading.
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Progressive damage analysis is the tool to study the failure response of a composite
material with complex morphology. Progressive failure analysis methods lay their foundation in
computational damage mechanics. The first indication of local failure (damage) in any progressive
failure analysis does not have to be associated with ultimate failure load, therefore the
mathematical model that defines the material property degradation is the main concern of
computational damage modeling. Any progressive damage model consists of damage initiation
conditions (equations) and damage propagation (evolution) laws.
As previously mentioned, composite structures typically degrade performance in a
progressive manner. Both progressive damage analysis and progressive failure analysis are often
interchanged; however, they signify the same philosophy and herein no distinction is made
between these two. The study of progressive damage analysis is one of which the effective
macroscopic mechanical response changes due to localized damage until global catastrophe is
achieved. In essence, the progression of damage within a composite fundamentally leads to
changes stress-strain behavior. Furthermore, the development of damage (e.g., cracks, interfacial
disbonding, or fiber breakage) is known to be an irreversible thermodynamic process by which is
the cause of permanent loss in structural integrity. Even though damage leads to the permanent
loss of structural integrity, this begs the question to what extent are the losses in properties? We
turn to literature for some observations on this topic. One may find a plethora amount of literature
containing progressive damage modeling for composite laminates, though there exists very little
on short fiber composites. However, there exist literature of experimentally investigating damage
and failure mechanisms in short fiber composites [92]–[96], and continuous fiber composites[89],
[97]–[99]. Talreja provided a brief overview of the experimental damage observations and we shall
tersely mention those findings as well here to guide our modeling efforts [100]. For short fiber
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composites, the most probabilistic failure mechanisms consist of matrix cracking, fiber-matrix
interfacial disbonding, and fiber end cracks. From the Owen and Dukes investigations, they first
observed disbonding of fibers lying orthogonal to the cyclic loading axis followed by the initiation
of cracks in resin-rich regions [92]. In later studies, Owen concluded that in glass reinforced
composites, damage occurs in a progressive manner due to the decrease in modulus after many
cycles by which are attributed to the initiation and growth of damage from cyclic loading [93].
However, Owen also states that in carbon fiber composites similar behavior may exist though
difficult to observe due to the smaller deformations involved. In the study conducted by Wang et
al., the spatial configurations of cracks were found mainly normal to the cyclic loading direction
in the neighborhood of resin-rich regions with thinly dispersed fibers [94]. In addition, smaller
cracks in the matrix were found in the vicinity of clustered fibers and cracks were found at the
interface of misaligned fibers. One noteworthy observation is that for early cycles of loading by
which small localized damage initiates, the overall properties are not substantially degraded (i.e.,
it is as if the material is “undamaged”). For continuous fiber composites, Dharan investigated
cyclic loading damage effects of glass fiber epoxy composite and determined that the probabilistic
failure mechanisms were fiber breakage and matrix cracking as well as delamination. Similar to
the studies performed on discontinuous fiber composites, cracks were formed with its plane
orthogonal to the loading direction. Furthermore, transversely oriented cracks were found in offaxis laminas by which are subjected to mixed-mode displacements. The cracking mechanism for
continuous laminates may be categorized in two ways: primary cracking and secondary cracking
where the secondary cracks lead to local delaminations and eventually global delamination [100].
In summary, Talreda points out that “the presence of damage entities does not necessarily mean
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that they influence the overall properties under consideration. For instance, cracks whose surfaces
do not undergo displacements under loading do not influence the overall stiffness.”

Damage Modeling in Short Fiber Composites

Due to the geometrical complexity of a short fiber RVE (i.e., the individual constituents
and their relationships), we must turn to numerical techniques to solve our problems as no closed
form solutions exist. The finite element method is the numerical approach we will use due to its
versatility relative to other numerical methods. Sleight provides a great summary of the
progressive failure process flow chart as well as the background information of nonlinear analysis
for the finite element method [101]. While the explanation for the progressive failure analysis are
given in terms of lamina failure, the same logic applies for micromechanical progressive failure
analysis. The methodology begins by introducing and initial load to the initial configuration of the
system. The solver runs a nonlinear analysis for the purpose of establishing static equilibrium, that
is equilibrium in the absence of body forces (i.e., 𝜎*5,5 = 0). It is worthwhile to mention that prior
to the initiation of damage, the material is considered to be linear elastic with no changes in the
material model. The nonlinear analysis iterates if convergence is not achieved; however, the
stresses are computed if convergence is obtained. The procured stresses within the body (e.g., the
stresses at the material points/integration points) are compared with a failure criterion, material
degradation is imposed and upon satisfaction of the failure criterion from which is the essence of
the progressive damage analysis. Difficulties arise due to material degradation because the system
is no longer in equilibrium, the body must re-establish equilibrium iteratively with the updated
material properties all while sustaining the current load. The process continues until catastrophe
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occurs within the body such that it cannot sustain any more load from which it is considered failed.
To implement this methodology, we are in need of a finite element solver capable of nonlinear
analysis to establish equilibrium and procure stresses from converged solutions, failure criterions,
and material degradation or damage models. We shall use the commercially available finite
element solver Abaqus/Standard (Implicit) for our nonlinear analysis, and focus on specifying
appropriate failure criterions and damage models for our micromechanical analysis.
We shall discuss both macroscopic and microscopic failure criterions, these are relevant
for our complete understanding of progressive failure analysis. Macroscopic failure criterions for
composites are relevant at the lamina level instead of the microscopic level. Moreover, the failure
criterions may be divided into three categories: non-interactive, interactive and direct mode criteria.
Non-interactive failure criterions do not incorporate details about the stress or strain components
and they compare individual stress or strain components with a known material property or
material allowable. Both the principle stress and principle strain criterions belong to the noninteractive failure criteria bin. The maximum stress criteria and maximum strain criteria for
orthotropic materials are provided below in Eq. (1.21) and Eq. (1.24) in a generalized form. The
maximum stress criteria simply states that if the state of stress at a material point exceeds the
material allowable (i.e., experimentally deduced parameter) produced by the application of a load,
then it is judged as failed. The parameters 𝑋, 𝑌, 𝑍 and 𝑋 Š , 𝑌 Š , 𝑍 Š denote tensile strengths and
compressive strengths, respectively. Similarly, the parameters 𝑅, 𝑇, 𝑆 denote the allowable shear
stress of strain.

𝛾*5 = 𝜎*5 , 𝜖*5 ,

𝑓𝑜𝑟 𝑖, 𝑗 = 1,2,3

(1.21)
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Unlike non-interactive failure criterions, the interactive failure criterions incorporate stress
and strain components into their formulation and generally are subcategorized into three areas:
polynomial formulations, direct-mode theories, and strain energy theories. Polynomial and directmode theories are most common in progressive damage analysis. While the polynomial criterion
is determined by material strength for describing a failure surface, the direct mode is a polynomial
criterion with the added descriptions of each failure mode from separate equations. Strain energy
theories are based on a scalar function dependent on the stress and strain states, the scalar function
(i.e., failure criteria) is defined as a linear combination of the strain energies [102]. The Tsai-Wu
failure criterion is commonly used and is a general form from which quadratic forms can be derived
from. The Tsai-Wu criterion may be written in general tensor notation as shown in Eq. (1.25). In
the Tsai-Wu criterion, higher order tensors, such as 𝐹*5I , are ignored for pragmatic reason and it is
reduced into a general quadratic criterion shown in Eq. (1.27). Further simplifications could be
made if we are dealing with orthotropic materials in which there is the uncoupling of extension
and shear characteristics (i.e., 𝐹q = 𝐹™ = 𝐹š = 0). Likewise, further simplifications can be made
if a state of plane stress is further assumed (i.e., 𝜎& = 𝜎q = 𝜎™ = 0). One limitation of the TsaiWu failure criterion is that it does not distinguish between the fiber breakage failure mode and the
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matrix cracking failure mode, direct-mode or separate mode criterions are used for this reason.
The common direct-mode criterions are the Hashin-Rotem and Hashin criterions. In these
criterions, fiber failure or matrix failure is distinguished as shown in Eq. (1.27) to Eq. (1.29) for
the Hasin-Rotem criteria.
𝑓 𝜎* , 𝜎5 , 𝜎I , … = 1,

𝑓𝑜𝑟 𝑖, 𝑗, 𝑘 … = 1,2, … ,6
(1.25)

𝐹* 𝜎* + 𝐹*5 𝜎* 𝜎5 + 𝐹*5I 𝜎* 𝜎5 𝜎I + ⋯ = 1

𝐹* 𝜎* + 𝐹*5 𝜎* 𝜎5 ≥ 1
𝐹$ 𝜎$ + 𝐹% 𝜎% + 𝐹& 𝜎& + 2𝐹$% 𝜎$ 𝜎% + 2𝐹$& 𝜎$ 𝜎& + 2𝐹%& 𝜎% 𝜎& + 𝐹$$ 𝜎$% …
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+

𝜎$%
𝑆

%
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(1.29)

For RVE subjected to finite element analysis, we may use non-interactive failure criterions
since the materials are considered elastic-brittle. The non-interactive failure criterions are typically
used for elastic-brittle materials [103]. In 3D RVEs, the stress or strain fields are dependent upon
the space in which the constituents occupy. Spatial configurations of the constituents engender
stress concentrated regions that enable localized damage and eventually failure. The properties of
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the matrix, fiber, and fiber-matrix interface are what needs to be specified as well as appropriate
degradation models for the matrix and fiber-matrix interface. The matrix is typically considered to
be isotropic and may be modeled with a maximum principle stress criterion for isotropic materials,
shown in Eq. (1.30) and Eq. (1.31) below. Similarly, fibers may be assumed to fail in the same
manner, shown in Eq. (1.32), although they are usually assumed to be transversely isotropic rather
than isotropic. In special circumstances where the failure mode is known to be matrix cracking or
interfacial failure, the fibers can be assumed non-damageable or linearly elastic throughout the
analysis.
𝜎
≥ 1 → Tension failure
𝑋

(1.30)

|𝜎|
≥ 1 → Compressive failure
𝑋Š

(1.31)

𝜎$$
≥ 1 → Tension failure
𝑋k£

(1.32)

𝑓=

𝑓=

𝑓=

Motivation for this Work
Characterization of composite materials is laborious and expensive. The amount of
resources required to characterize composites largely drives the need for predictive tools and
capabilities. Computer simulations of composite materials are the next step towards general
understanding of composite behavior as well as reduction in resources to test them. Computational
modeling of composite materials would be extremely appealing if they are reliable and accurate
so that we may complement only a limited number of experimental trials for validation. In the
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context of extrusion deposition additive manufacturing, if we want to understand how the
mechanical properties change due to changes made in the system (e.g., material changes, hardware
changes, or control changes), it would be a hopeless task to perform the perpetual number of tests
to characterize the wide variety of materials and changes made on the system. For example,
suppose we would like to study the changes made from four material forms, three nozzle sizes,
three sets of processing speeds, three bead compaction levels, and two pellets containing different
fiber length distributions, we are tasked with 15 total EDAM changes and with ten statistically
representative tensile coupons. If we consider the combination in EDAM changes such that the
order of changes do not matter, we have 𝑁£ = 10

n
IJ$

𝑛
= 10
𝑘

$™
IJ$

15
= 327670 total
𝑘

number of samples to be tested along the print direction (i.e., this excludes samples tested in any
other directions). Characterizing this substantial quantity of samples is disheartening; however,
computational modeling and analysis may provide us the answer in a more cost-effective manner.
Therefore, we shall lay the framework for the computational modeling and analysis for predicting
the mechanical performance of additively manufactured materials.
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2. EXPERIMENTAL QUANTIFICATION OF AN ADDITIVELY
MANUFACTURED COMPOSITE BEAD

In the experimental part, AM SFC tensile coupons were manufactured and tested. The
micro-structure of SFC was experimentally measured.

Process for Additive Manufacturing of a Carbon-Polycarbonate Short Fiber
Composite Material
The general process of additively manufacturing compounded carbon-fiber reinforced
polymer pellets will be discussed. However, the pre-processes that involve geometrical and slicing
preparation will not be discussed as they may be found in other references [104]. Even though the
material of consideration for our analysis consist of carbon fiber reinforced polycarbonate, we may
extrapolate the framework to any other material choice as this involves tuning accordingly the
material parameters. Moreover, the carbon fiber reinforced polycarbonate has been processed by
the LSAM printer. While the LSAM printer is much larger than the CAMRI, the basic
manufacturing processes are equivalent. In other words, both systems have similar instruments
serving similar functionalities. Therefore, the manufacturing processes will be discussed using the
CAMRI as this serves as our fundamental basis of understanding of how the process functions.
To begin with, preconditioning of the feedstock must be performed before processing. We
may pre-condition compounded pellets or long discontinuous pellets, though we will focus on preconditioning of compounded pellets such as those shown in Figure 2.1 (a). The process of preconditioning begins with transporting an adequate amount of feedstock into an industrial dryer,
see Figure 2.1 (b). The purpose of this step is to remove potentially absorbed moisture, moisture
has been known to influence the properties during processing as well as for the final structure.
Each material will have a specified material data sheet of which contains the details of heat
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exposure for the commercially available feedstock pellets. For example, typical commercially
available carbon fiber reinforced polyphenylene sulfide (PPS) pellets, commonly used for research
on the CAMRI instrument, requires an exposure temperature of 121°C (250°F) for a duration of
4.0 hours to be dried [105].

(a)

(b)
Figure 2.1 (a) Feedstock for additive manufacturing of short fiber composite (SFC): compound
pellets; (b) Drying the compounded pellets feedstock in an industrial dryer
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Once the material has been appropriately dried, it is transported from the dryer onto the
feeder section of the EDAM printer. The feeder section is connected to a hopper through a directed
channel. A schematic of the CAMRI instrument can be found below for better visualization of the
feeder section relative to the rest of the instrument, see Figure 2.2.
Once the material is completely placed within the feeder section of the printer, it is
transported to the hopper section of the printer. The specifics of the controls and actuators will not
be mentioned, Eduardo Barocio1 may be contacted for further information. The hopper section
connects to an extruder box from which an industrial custom made injection molding screw is
contained. The extruder has the responsibility of melting the polymer portion of the feedstock such
that a uniform melt pool is obtained. A uniform melt pool means that all of the solid portions of
the polymer in the feedstock has reached a molten state. The screw rotates to accomplish this action,
shearing forces from the barrel of the screw and the walls of the extruder box accomplishes the
heat transfer necessary to melt the polymer portion of the feedstock. In addition to the mechanically
induced heat transfer, there are external heater elements to complement melting of the polymer.
The suspension (i.e., the mixture of molten polymer and fibers) flow toward the end of the extruder
box, opposite to the hopper. If the fibers are sufficiently long enough, the probability of flow
induced Euler-buckling increases which then leads to the breakage of the fibers. Sufficient pressure
needs to accumulate to make the suspension flow since it is highly viscous especially along the
direction of high fiber collimation [106].

1

Eduardo Barocio, Graduate Research Assistant – ebarocio@purdue.edu
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Figure 2.2 Schematic of CAMRI (top left); Loading of feedstock into a feeder section (top right);
View on the printing table of CAMRI and extrusion of material (bottom)
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Figure 2.3 Schematic of the nozzle converging zone aligning the fibers

Pressure is built up at the tip of the screw, where this leads to another segment of the EDAM
system, the next segment consists of a downstream connection. Both the extruder and downstream
connection are connected to one another. Pressure sensors are placed within certain regions of the
junction to maintain a constant pressure by the automated system. The downstream connection
may contain a flow controlling mechanical system, though such mechanisms induce additional
fiber attrition as previously mentioned. As the suspension passes along the downstream connection,
a plug flow front emerges. The downstream connection contains a converging zone; this zone is
simply a gradual reduction in diameter along the length of the downstream connector tube. The
converging zone produces an elongational flow effect along the direction of the flow, this implies
that the fibers become reoriented along the direction of the flow when the suspension passes
through a converging zone. Furthermore, the suspension is subjected to sufficient shear forces in
the vicinity of the downstream walls which further implies fiber collimation along the length of
the walls. At the end of the converging zone, the suspension exits through a nozzle. The converging
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zone is illustrated in Figure 2.3. Therefore, the design of the EDAM system promotes preferential
alignment of the suspension. The deposited material is labeled as a bead, and this bead undergoes
additional shearing to make the 90 ° turn relative to the build surface normal vector. The
collimation of fibers along the length of the bead is still preserved. However, the preservation fiber
collimation is no longer true if a tamper or roller mechanism is employed. The tamper or roller
systems are usually attached to the end of the nozzle. For example, the tamper or roller presses
downward on the bead such that it compacts the bead onto the table or the previously deposited
layer. Due to the compaction of the bead, additional elongational flow effects are imposed along
the in-plane transverse direction of the bead. Ergo, the fibers become slightly re-oriented toward
the 2-direction.

Investigation of the Microstructure of a Bead
To begin our journal of virtually modeling the mechanical properties of an additively
manufactured bead, we must obtain some information regarding its microstructure via
experimentation. Investigation of the microstructure implies climbing down from the millimeter
scale onto the micrometer scale. To accomplish this task, we extract a small volume of printed
material from an overall printed structure; however, the details of sample preparation will be
provided in the subsections that follow. The material used for this study is from the material
supplier Techmer PM©, and the feedstock material identifier is the Electrafil© PC 1501 3DP which
was printed on the LSAM machine. Let us focus on the scale at which we are considering, Figure
2.4 (a) illustrates the volume at the scale of millimeters and a micrograph on the order of
micrometers. There is an approximately 33X reduction in scale, from which the micrograph can
be considered a point in the volume of interest and reinforces the continuum hypothesis we
consider.
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(a)

(b)
Figure 2.4 (a) Comparison of scales in an AM SFC; (b) micrograph of a bead cross-section by
the x2-x3 plane
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The micrograph in Figure 2.4 (b) consists of multiple images stitched together to form an
overall image, it is why we observe separation lines of which have no physical meaning and is
ignored. The darker gray background is composed of the matrix material, in our case we are
observing the polycarbonate as the dark gray background. The black portions of the micrographs
are representative of the voids. Certain spatial locations contain voids of which appear circular and
may be speculated to be somewhat spherical or elliptical in volume. Likewise, such voids appear
irregular in shape and their 3 dimensional volumes are unclear. The lighter regions, which appear
close to white or light grayish are the fibers we observe. If we focus our attention at the fibers, it
is evident that no structural order exists at the microscale relative to commonly known stacking
sequences (i.e., square or hexagonal close packed forms). Moreover, some fibers appear circular
and others more or less elliptical in shape with the assumption that fibers are cylindrical in shape.
The fibers that appear circular to us are those with their longitudinal axis parallel to the 1 direction
or with Euler angles of 𝜃 = 90° and 𝜙 = 0°, in respect to the standard EDAM coordinate system.
Elliptical fibers are those with their longitudinal axis not parallel to the 1 direction or with Euler
angles 𝜃 ≠ 90° and 𝜙 ≠ 0° Figure 1.4. Some regions also contain fibers which look rectangular,
these are fibers with a Euler angle of 𝜙 = 90° and of any 𝜃 angle, we refer to them as transversely
oriented fibers and they are sometimes rare to find in micrographs.
Even though the microstructure of these additively manufacturing beads appear stochastic,
trends do appear in the context of fiber orientation. The microstructural trends are in more or less
fiber collimation depending on configuration and processing parameters of the printer. To better
illustrate trends in fiber collimation, two samples of carbon fiber reinforced PPS with 50% fiber
weight fraction were printed using the CAMRI. While the processing parameters were kept the
same for both prints, different nozzle sizes were used for each print. A nozzle of 3mm and 4mm

52
were chosen, and their resulting microstructures are shown in Figure 2.5 below. We may notice
more fiber collimation for the material printed with the 3mm nozzle. Such trends in collimation
are deemed to have changed the overall microstructure which are a result from the overall EDAM
process and how they influence the overall properties is left to answer.

x3
x2
Microstructure sample from an EDAM bead,
extruded from a nozzle 3mm in diameter

Microstructure sample from an EDAM bead,
extruded from a nozzle 4mm in diameter

Figure 2.5 Changes in microstructure (fiber orientation state) from a change in nozzle size

In essence, the process determines what the microstructure trends are, and these
microstructural trends (i.e., structure for short) then determine the upscale properties of which we
seek. We classify these relations as the process-structure-property relations, and they are not
independent from one another. Let us begin with the process of quantifying the fiber length of an
extracted representative sample below.
2.2.1

Fiber Length Measurement
A small volume of material was placed on top of a steel plate, and transferred over to a

small laboratory scale furnace. The sample was placed inside the furnace where the temperature
was set to 700°C. The total exposure time to the elevated temperature was approximately two
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hours, this includes the time needed for the furnace to reach the programmed temperature. The
matrix was burnt off due to the exposure time at the elevated temperature set, and the remaining
substances were the carbon fibers.

Silicon oil
Dispersed fibers

Glass slide

Individual fibers

(a)

50 μm

(b)

Figure 2.6 (a) Fibers extracted from matrix carbonization process (schematic); (b) Fibers
dispersed over a glass slide (image from an optical microscope)

The carbon fibers were placed onto a glass slide and dispersed with silicone oil, as shown
in Figure 2.6. The glass slide containing the dispersed fibers were placed onto the LEICA DMI
5000 M optical microscope. Images were taken on the microscope and the images were analyzed
with ImageJ. The pixel aspect ratio information is transferred over from the LEICA software to
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ImageJ, and the length of the fibers were drawn with the line segment tool provided on the ImageJ
software. Non-overlapping fibers were considered for the fiber length distribution measurements.
The plot in Figure 2.7 shows us the distribution of fiber length after processing.

Figure 2.7 Distribution of fiber length in an AM SFC (PC/carbon fiber)

We may obtain the average fiber length using two methods: a number average of a
weighted average. The number average method, 𝐿n , is the common way to determine the average
quantity of interest, see Eq. (2.1):
𝐿n =

* 𝑛* 𝐿*
* 𝑛*

(2.1)

where 𝑛* is the number of fibers of length 𝐿* . On the other hand, the weighted average method,
𝐿¥ , is usually of interest if one would like to capture the presence of longer fibers as it is believed
to influence the mechanical properties more than the short fibers [107].
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𝐿¥ =

%
* 𝑛* 𝐿*

(2.2)

* 𝑛* 𝐿*

For completeness, we compute both averages; however, we consider the numeric average
rather than the weighted since it is unclear whether longer fibers significant influence the
mechanical properties given the orientation state of the volume of interest. Future studies on this
subject will help clarify this ambiguity. The number average was found to be 160𝜇m (cov. 58%)
and the weight average was found to be 213𝜇m (cov. 50%). The results are summarized in Table
2.1.
Table 2.1 Summary of fiber length averages
Number of Measurements

Number Average, 𝑳𝒏 (𝝁m)

Weight Average, 𝑳𝒘 (𝝁m)

1,000

160

213

2.2.2

Fiber Volume Fraction
The fiber volume fraction is a measure of the amount of fibers occupying the total volume,

and it taken as the ratio of the total volume of fibers over the entire volume. There are two ways
to determine the volume fraction of the constituents, the chemical matrix digestion method and the
photomicrographic method. While the chemical digestion method will not be discussed or used,
the experimental procedure for the method can be found here [108]. We often use the
photomicrographic method to determine the fiber volume fraction. The photomicrographic method
requires a resin-hardener mixture, a scale, mounting cups, a polishing table or polishing machine,
and an optical microscope.
To begin with, we take a representative sample from an additively manufactured block of
material and place it onto a sectioning wheel. The sample is cut on the sectioning wheel such that
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we end up with a flat surface where the surface normal coincides with the 1-direction or the
direction of the printing path. Once the sample has been cut, it is cleaned appropriately so that it
may be mounted onto a mounting cup. The sample is placed onto the mounting cup such that its
surface normal that coincides with the 1-direction rests on the bottom surface of the mounting cup.
Potting material (e.g., thermosetting resin or epoxy) is poured into the mounting cup which
contains the printed sample. Once the epoxy has fully cured, the sample is removed from the
mounting cup and is ready to be polished. The Struers© grinding and polishing pads are used for
obtaining a relatively flat and undamaged polished surface. A machine capable of automated
polishing was used, it contains a sample holder from which multiple samples may be secured. The
machine applies a specified downward force for the sample holder to make contact with the
grinding or polishing pads. The applied force was set to 25N, as this was found to produce better
surface finishes relative to the recommended 35N. Three grinding steps were performed, each with
a 220, 500 and 1200 grit sized pads and we progress from the lower grit pads to the higher ones.
The total grinding time for each step took 10 minutes at the applied pressure, with water
continuously running to rinse the resulting debris. The last three polishing steps used the MD Largo,
MD Hybrid and MD Nap, respectively. Each polishing step was performed for approximately 20
minutes each. While this procedure is different from the recommended ones, it was found to
provide a good surface finish for the thermoplastic carbon fiber reinforced material. The polished
sample is placed onto the LEICA DMI 5000 M and images are procured and stitched together to
produce the overall surface with a magnification of 2500X. The micrograph is analyzed on the
ImageJ software for the volume fraction. Several representative regions of interests of size 500𝜇m
by 500𝜇m are extracted from the overall micrograph by cropping the original image. One example
is shown in Figure 2.8.
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Figure 2.8 Microstructure region of interest (ROI) with thresholding of fibers and voids in

The extracted regions are prepared for particle analysis, the cropped images are converted
to an 8-bit image. The image threshold is adjusted so that only the fibers become highlighted on
the image. Once the highlighted fibers are shown, we proceed with running the particle analysis
tool from which we obtain the area of fibers occupying the total area. The volume fraction is
assumed to be the measured area fraction of fibers, 𝐴k , over the total area, 𝐴 £ , shown in Eq. (2.3).
𝑉k =

𝐴k
𝐴£

(2.3)

Table 2.2 reports the fiber volume fraction measurements made using the
photomicrographic method for the processed material, while Figure 2.9 shows the distribution of
the obtained measurements. The material supplier typically provides a data sheet with a fiber
weight fraction, 𝑊k , value for the feedstock material. The fiber weight fraction for the carbon fiber
reinforced polycarbonate was 20%. We may convert from fiber weight to fiber volume fraction by
using Eq. (2.4).
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𝜌k =

𝑚k
,
𝑉k

𝑉l =

𝑚l
,
𝑉l

𝑚 £ = 𝑚 £ ⋅ 𝑊k + 𝑚 £ ⋅ 𝑊l

𝑚
1
𝑚k ⋅
𝑊k ⋅ £
𝑉k
𝜌k
𝜌k
𝑉k =
=
=
𝑚
𝑚
𝑉k + 𝑉l 𝑚 ⋅ 1 + 𝑚 ⋅ 1
𝑊k ⋅ £ + 1 − 𝑊k ⋅ £
k 𝜌
l 𝜌
𝜌k
𝜌l
k
l
=

(2.4)

𝑊k

𝑊k
=
𝜌k
𝜌k
𝑊k + 1 − 𝑊k
𝑊k + 1 − 𝑊k
𝜌l
𝜌l

The measured fiber volume fraction is shown to agree with the material supplier fiber
weight fraction measurements, and shows that the fiber weight fraction is conserved throughout
the EDAM process.

Figure 2.9 Distribution of fiber fraction in a AM SFC measured over 500x500µm ROIs
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Table 2.2 Fiber and void volume fraction measurements

2.2.3

Sub-region

ROI Area

Fiber fraction, 𝑽𝒇

Void fraction, 𝑽𝒄

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30

500𝜇m x 500𝜇m
500𝜇m x 500𝜇m
500𝜇m x 500𝜇m
500𝜇m x 500𝜇m
500𝜇m x 500𝜇m
500𝜇m x 500𝜇m
500𝜇m x 500𝜇m
500𝜇m x 500𝜇m
500𝜇m x 500𝜇m
500𝜇m x 500𝜇m
500𝜇m x 500𝜇m
500𝜇m x 500𝜇m
500𝜇m x 500𝜇m
500𝜇m x 500𝜇m
500𝜇m x 500𝜇m
500𝜇m x 500𝜇m
500𝜇m x 500𝜇m
500𝜇m x 500𝜇m
500𝜇m x 500𝜇m
500𝜇m x 500𝜇m
500𝜇m x 500𝜇m
500𝜇m x 500𝜇m
500𝜇m x 500𝜇m
500𝜇m x 500𝜇m
500𝜇m x 500𝜇m
500𝜇m x 500𝜇m
500𝜇m x 500𝜇m
500𝜇m x 500𝜇m
500𝜇m x 500𝜇m
500𝜇m x 500𝜇m

0.1240
0.1271
0.1235
0.1403
0.1197
0.1265
0.1350
0.1273
0.1000
0.1137
0.1288
0.1373
0.1137
0.1349
0.1400
0.1288
0.0980
0.1126
0.1309
0.1331
0.0904
0.1267
0.1303
0.1300
0.1288
0.1283
0.1253
0.1250
0.1242
0.1229

0.0090
0.0120
0.0066
0.0030
0.0019
0.0016
0.0080
0.0170
0.0700
0.0130
0.0170
0.0190
0.0100
0.0600
0.0130
0.0120
0.0062
0.0098
0.0097
0.0100
0.0087
0.0067
0.0050
0.0045
0.0083
0.0076
0.0060
0.0026
0.0062
0.0097

Fiber Orientation Analysis
Fiber orientation analysis may be performed using the photomicrographic method or a

computer tomographic (CT) scanning method. The photomicrographic method was used due to its
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simplicity in obtaining fiber orientation values. The sample preparation is the same as in the case
for determining the fiber volume fraction, and it has been explained in the previous sub-section.

(a)

(b)
Figure 2.10 (a) ROIs for orientation analysis; (b) Distribution of local degree of alignment a11 in
an AM SFC within 100x100µm
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ImageJ again is used for analyzing the fiber orientation state for the carbon fiber reinforced
polycarbonate material, and the same image was used as in the case for the fiber volume fraction
measurements. The image was divided into grid sections consisting of 100𝜇m by 100𝜇m cells, see
Figure 2.10. Measurements were made from the top of the additively manufactured bead toward
the bottom (i.e., along the thickness direction of the bead) since the orientation state is known to
change along the direction of the thickness, 3-direction, rather than along the width, 2-direction.
Within these sub-regions, ellipses were drawn onto the fibers with the best attempt to match the
shape of the ellipse to that of the fibers, this is shown in Figure 2.11.

Figure 2.11 Measurement of local fiber orientations
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The major and minor axis dimensions can be used for determining the Euler angles [109].
We often make our measurements with our sample cross-sectional plane being the 2-3 plane
instead of the 1-2 plane. If we make our measurements in the 2-3 plane, then we may simply
consider the degree of alignment to the x1-axis, 𝑎$$ , by using the relationship shown in Eq. (2.5).
1
=
𝑁

K

cos % 𝜙*

(2.5)

𝑚
𝑚
→ 𝜙 = cos ²$
𝑀
𝑀

(2.6)

𝑎$$ = 𝑝$ 𝑝$

*J$

where
cos 𝜙 =

In the Eq. (2.6), the parameter m is the minor axis and the parameter M is the major axis of
the ellipse measured, see Figure 2.11. What the angle 𝜙 signifies is that as the ellipse collapses
onto a circle, the angle measured becomes 0° and this is the condition when the fiber’s longitudinal
axis is parallel to the 1 direction. As the major axis approaches the fiber’s length, the angle 𝜙
becomes 90° and it is the condition when the fiber is positioned perfectly onto the 𝑥% -𝑥& plane at
any arbitrary Euler angle 𝜃. For ellipses with both major and minor axes between the fiber’s
diameter and length, the angle 𝜙 corresponds to a combination of the Euler angles 𝜙 and 𝜃. We
can simplify our orientation computation if we assume the misalignment is largely in the x2direction such that 𝑎$$ + 𝑎%% = 1, this corresponds to the condition of planar orientation as we
neglect orientation in the x3-direction. The assumption of planar orientation can be argued to be
valid for practical purposes if we neglect the properties in the x3 direction.
2.2.4

Fiber Diameter
From the basic geometrical considerations, when a cylindrical fiber sliced with an arbitrary

plane, it results in an elliptical section where the minor axis of an ellipse is the cylinder diameter.
Therefore, the fiber diameter may be extracted from the ellipse measurements made for
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determining the orientation state of the fibers. Figure 2.12 and Table 2.3 summarize the
measurements of fiber diameter in an AM SFC.

Figure 2.12 Distribution of fiber diameter in an AM SFC (PC/carbon fiber)
Table 2.3 Summary of fiber diameter measurements in an AM SFC (PC/carbon)
Number of
Measurements
1,300

2.2.5

Minimum
Diameter
1.73µm

Maximum
Diameter
7.99µm

Average
Diameter
6.03µm

Standard
Deviation
0.85µm

Void Volume Fraction and Shape Analysis
For determining the volume fraction of the voids occupying the volume, we make the same

assumption as in the case for the fiber volume fraction. We assume the total area of voids within a
region of interest is representative of the volume. The drawback of this assumption may be
attributed to the sporadic distribution of void length and shapes. In other words, some voids may
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extend further into the volume than others. We utilize the thresholding technique as was
accomplished for fiber volume fraction measurements, except that the voids are highlighted instead
of the fibers with everything else ignored, see Figure 2.8. Once the appropriate thresholding level
is determined, the image is converted into binary form. The voids are depicted as the white regions
and everything else as black. The software counts the total area the white regions are occupying
(𝐴³ ) with respect to the total area (𝐴 £ ), and the resulting fraction is the void fraction in the analyzed
region of interest (ROI), see Eq. (2.7).
𝑉³ =

𝐴³
𝐴£

(2.7)

Sixty 500x500µm regions of interests were considered for the void volume fraction, 𝑉³ ,
measurements. Arbitrarily selected results are shown in Table 2.2, while Figure 2.13 summarizes
all the measured data. The shape of the voids can be assumed spherical or ellipsoidal for practical
purposes. We acknowledge the presence of irregular shapes, but do not consider them in the
analysis due to the complexity in modeling such irregular shapes. The sizes of the voids are
determined from fitting ellipses onto the voids and determining their major and minor axis ratio
for micrographs taken in the 2-3 plane, see Figure 2.14. The average dimensions are provided in
Table 2.4.

Table 2.4 Average dimensions of elliptical voids (measured in x2-x3 plane)
Number of

Average Minor

Average Major

Measurements

Axis

Axis

21

24.8µm

28.3µm

Plane
2-3
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0.4
0.35
0.3

avg. 1.16 %
cov. 64.2%

Probability

0.25
0.2
0.15
0.1
0.05
0

0

1

2

3

4

5

Void Volume Fraction (%)

Figure 2.13 Void fraction distribution in an AM SFC, measured from 500x500µm ROIs
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Figure 2.14 Distribution of elliptic void major and minor axes measurements
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Mechanical Properties Characterization by Tensile Testing
To determine the mechanical properties along the x1-direction, a square block of material
was printed with the LSAM printer and a computer numeric control (CNC) machine was used to
mill the block to the required dimensions. The cross-sectional (i.e., the 2-3 plane) dimensions of a
bead were 21mm (0.83”) in width by 5mm (0.20”) in thickness. The bead was printed with a nozzle
diameter of 12.7mm (0.50 inches) with the extruded bead temperature at 303°C (578°F). The
printing speed was set to a constant value of 3.38m/sec (133in/sec). The extruded material was
exposed to ambient temperature, 25°C, where it was cooled via natural convection. Post-annealing
was performed in an oven with an exposure temperature of 120° for 8 hours. A gage section was
machined onto both sides of the block as well as the tabbing regions with a bevel angle of
approximately 10°. The machined block was segmented into tensile coupons using a waterjet. Even
though the coupons were immersed in water for approximately 5-10 minutes, they were placed
into a drier after the water-jetting process with an exposure temperature of 60°C for 10 hours to
remove potentially absorbed moisture.
All tensile coupons were labeled and marked with a horizontal line at three locations within
the gage section, that is at the top, middle and bottom as shown in Figure 2.15. At the golden
marked locations, the width and thickness of the coupon were measured so that an average of all
three measurements provides us with a representative cross-sectional area for stress computations.
The specimen dimensions are provided in Table 2.5, where w denotes the width and h denotes the
thickness. All specimens were painted with a white enamel painting at the gage section. Black
speckle dots were stochastically deposited onto the gage section by a roller after the paint had dried.
All coupons were manufactured according to the ASTM D3039 guidelines. A mechanical test
system (MTS) load frame with 22-kip capacity was used for load transfer. The gage length for all
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coupons were approximately 125mm, this length is appropriate if we consider the characteristic
length 𝜆 based on Saint Venant’s principle [108], Eq. (2.8):
𝑏 𝐸$
𝜆≈
2𝜋 𝐺$%

$
%

(2.8)

where the parameter b is the maximum cross-sectional dimension. Even though we do not have a
measure of the shear modulus, 𝐺$% , we may assume the shear modulus is less than the longitudinal
modulus since this is the case for traditional unidirectional composite laminas. The modulus of the
AS4/Epoxy lamina is typically 138GPa and the shear modulus 6.9GPa, the ratio between the
longitudinal modulus to the shear modulus is 20. The x1-direction modulus for the 13% fiber
volume fraction polycarbonate material does not exceed 9GPa, and we may assume the shear
modulus may be between 2GPa to 5GPa, then the ratio is assumed to be between 1.8 and 4.5. The
characteristic distance 𝜆 Eq. (2.8) is estimated to be at most 6mm with the maximum crosssectional dimension being 18mm. All strain fields are taken beyond 6mm from the load transfer
area.
The full-filed strain field 𝜖$$ 𝑥$ , 𝑥% , 𝑥& is acquired from the DIC system, and the average
of the strain field 𝜖$$ is considered for determining the stress-strain behavior. The full-field strain
field for several is shown below in Figure 2.16. Due to the heterogeneous nature of the composite,
we expect to have some non-uniformity in the strain field. The non-uniformity in strain field may
be attributed to the distribution in fiber orientation relative to the load direction. In other words,
some areas appear more compliant than others, and a possible explanation could be due to a greater
fiber misalignment in those areas of greater compliance. For all tested specimens, the nonuniformity in strain field is observed.
The stress-strain plot is provided below in Figure 2.17, and the tabular values for the
mechanical properties is provided in Table 2.6 and the statistical values in Table 2.7. The stress-
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strain behavior begins with the linear elastic portion extending until 0.5-0.6% strain. Nonlinear
behavior is evidently presented past the 1% strain mark. The modulus of elasticity was computed
from the slope of the linear elastic region. A script was written in MATLAB© to iteratively
compute the modulus, from the initial data point until the linear regression model produced a least
squares error of 0.005 (i.e., 𝑅% = 0.995).

Table 2.5 Geometrical dimensions of tensile coupons
Specimen
Number
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15

𝒘𝟏
(mm)

𝒘𝟐
(mm)

𝒘𝟑
(mm)

𝒘𝒂𝒗𝒈
(mm)

𝒉𝟏
(mm)

𝒉𝟐
(mm)

𝒉𝟑
(mm)

𝒉𝒂𝒗𝒈
(mm)

Area
(mm2)

18.28
18.16
18.32
18.37
18.25
18.33
18.3
18.28
18.27
18.26
18.28
18.22
18.25
18.2
18.2

18.25
18.16
18.37
18.34
18.24
18.31
18.23
18.32
18.28
18.22
18.3
18.24
18.24
18.21
18.18

18.25
18.18
18.37
18.3
18.22
18.32
18.25
18.31
18.27
18.22
18.33
18.2
18.25
18.18
18.18

18.26
18.17
18.35
18.34
18.24
18.32
18.26
18.30
18.27
18.233
18.30
18.22
18.25
18.20
18.19

6.62
6.55
7.33
7.11
6.74
5.87
7.56
6.14
5.88
7.79
5.92
6.67
6.91
6.53
5.95

6.08
6.04
7.42
6.76
6.13
6.17
7.03
6.41
6.02
7.82
6.02
6.23
6.56
6.01
6.07

5.84
5.77
7.64
6.74
5.97
6.64
6.88
6.83
6.43
7.92
6.44
6.03
6.57
5.86
6.49

6.18
6.12
7.46
6.87
6.28
6.23
7.16
6.46
6.11
7.84
6.13
6.31
6.68
6.13
6.17

112.85
111.18
136.98
125.97
114.53
114.07
130.68
118.24
111.65
143.01
112.14
114.97
121.89
111.61
112.21
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(a)
Speckled pattern for DIC

Post-Mortem Tensile Coupon

5mm

3D-Printed Tensile Coupon

x1
x2

x3

20mm

125mm

(b)
Figure 2.15 (a) Tensile coupon in hydraulic grips of an MTS; (b) Pre- and post-mortem of a
tensile coupon
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Figure 2.16 DIC-measured surface strain fields, coupons (left to right) ## 10,7,2,1

Figure 2.17 Stress-strain plots for carbon/PC AM SFC
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Table 2.6 Tensile stiffness and strength of carbon/PC AM SFC
Specimen
Number
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15

Young’s modulus (GPa)

Ultimate strength (MPa)

8.341
8.905
8.340
9.349
8.931
9.244
8.608
8.523
9.606
8.850
9.092
8.773
8.903
9.257
8.822

102
105
106
111
103
109
106
105
108
107
103
105
106
104
105

Table 2.7 Statistics of PC/carbon AM SFC tensile properties
𝑬𝒎𝒊𝒏
(GPa)

𝑬𝒎𝒂𝒙
(GPa)

𝑬𝒂𝒗𝒈
(GPa)

STD
(GPa)

CV
(%)

𝝈𝒖𝒍𝒕
𝒎𝒊𝒏
(MPa)

𝝈𝒖𝒍𝒕
𝒎𝒂𝒙
(MPa)

𝝈𝒖𝒍𝒕
𝒂𝒗𝒈
(MPa)

STD
(MPa)

CV
(%)

8.34

9.606

8.903

0.365

4.1

102

111

105.7

2.38

2.3

Fracture Surface Investigation Through Scanning Electron Microscope Imaging
The fracture surface of the post-mortem tensile coupon was investigated with a scanning
electron microscope (SEM). The surface was coated with a thin layer of plutonium to enhance the
contrast as well as minimize electron beam spot damage, the coating was approximately 3nm to
5nm in thickness. From Figure 2.18, we notice evidence of fiber pull-out. Fiber pull-out occurs
after the fiber has been disbonded from the matrix during loading, and the fiber sticks out from the
matrix cracked surface. If fiber fracture would have occurred, we should not see the fiber standing
out from the matrix cracked surface. In essence, the failure mode of fiber pull-out has been a
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commonly observed phenomenon in short fiber composites and should be reflected in our
simulations.

Figure 2.18 SEM images of the carbon fiber reinforced polycarbonate fracture surface with
fibers standing out from the cracked matrix surface
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3. COMPUTATION DAMAGE MODELING OF AN ADDITIVELY
MANUFACTURED SHORT FIBER COMPOSITE BEAD

A mechanistic finite-element based computational model is herein developed to predict the
effective properties of a SFC considering spatial stochasticity of its micro-scale morphology. The
input microstructure descriptors were obtained experimentally as described in the preceding
chapter. Progressive failure analysis in an RVE representing a virtual sample of SFC micromorphology allows to investigate the micro-morphology dependent stress transfer and competing
microscopic damage modes such as matrix cracking and matrix/fiber disbonding. Computational
homogenization of local stress and strain fields within an RVE allows to predict SFC macroscopic
stiffness and strength.

Homogenization as a Tool to Study the Upscale Material Mechanical Response from
its Structure
Micromechanical models are used in the homogenization methods, and the amalgamation
of micromechanical models and numerical methods are coined as computational homogenization
methods. The problem we are tasked with is the problem of multi-scale representation, where we
wish to represent a macroscopic structure of some dimension 𝐿Å , with a microscopic structure of
some characteristic dimension 𝐿l . The microscopic structure or microstructure is itself much
greater than the length of inclusions or heterogeneities it must contain, 𝐿* , such that 𝐿l ≫ 𝐿* . We
are dealing with a multiscale problem when we have 𝐿Å ≫ 𝐿l ≫ 𝐿* and we must pursue two tasks
in micromechanical analysis: homogenization and localization. If we imagine ourselves attempting
to compute the stresses on a composite structure within the airfoil assembly of an aircraft, we
immediately recognize the impossible computational task of resolving the stresses with
microscopic details (i.e., elements which are smaller than the fiber diameter). In other words, we
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currently do not have a tool to compute the stresses on an aircraft composite structure with
microscopic details as it is a computationally expensive proposition. There are several paths to
accomplish the task of analyzing the structure in a multiscale sense. A common approach is to
homogenize the microstructure or obtain the “smeared” properties of the composite and perform
the stress analysis, this is homogenization and is illustrated in Figure 3.1. Once the stresses are
resolved, then the subsequent step is to solve a microstructure model with the known macroscopic
stresses to obtain the stresses on the fibers and matrix, this is localization. If enough information
is known about the macroscopic material, such as the failure strain and strength, we may omit the
first step and solve the localization problem with the finite element method. The finite element
solution outputs the stresses and strains of the fiber and matrix within the RVE. The next step is to
homogenize the localized fields and determine if the homogenized properties match the
macroscopic material response. If the virtual model is validated with its experimental twin, we
may further exercise the microstructure and use it as a tool to resolve macroscopic homogenized
properties due to changes in the microstructure. Such a tool is deemed valuable if correctly
formulated and validated, since the tool may help reduce the expensive composite testing and saves
the engineer time in respect to laboratory tests needed to carefully characterize the composite
material in question. In the context of EDAM, we may use homogenization as a tool to study the
microscopic changes in extruded materials from changes made in the system or material. The
equations for stress and strain homogenization are shown below, it is the volumetric integral of the
localized fields:

𝜎*5 =

1
𝑉

Z

𝜎*5 𝑥$ , 𝑥% , 𝑥& 𝑑𝑉 ∀𝒙 ∈ 𝑉

(3.1)
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𝜀*5 =

1
𝑉

Z

𝜀*5 𝑥$ , 𝑥% , 𝑥& 𝑑𝑉 ∀𝒙 ∈ 𝑉

(3.2)

Figure 3.1 Steps taken from an irregular microstructure to an idealized microstructure from
which an RVE is selected from and homogenized by micromechanical analysis

Assumptions for Micro-Mechanical Analysis of an Additively Manufactured Short
Fiber Composite
As with any engineering model, several assumptions about the material, geometry and
behavior must be made. To begin with, the polycarbonate matrix is assumed to be a homogenous
isotropic elastic-brittle continuum; the fibers are assumed to be a homogeneous transversely
isotropic linear elastic continuum; fiber/matrix interface is elastic-brittle. Within the RVE, the
constituent properties are deterministic and their properties may be found from a material supplier
data sheet or in literature. The composite volume is assumed to be a collection of fibers with an
orientation distribution, matrix, and fiber/matrix interfaces.
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The fibers are geometrically described as perfect cylindrical bodies with constant length
and diameter. For most analyses, the length of the fibers is assumed to be either 155𝜇m or 160𝜇m
and the diameter of the fibers being 5𝜇m. The orientation of the fibers is planar (in the present
case, the plane being 𝑥$ -𝑥% ) which means the third component of the orientation tensor, 𝑎&& , is
neglected. The orientation distribution function, which is obtained from the requested second order
orientation tensor by means of the orthotropic fitted closure approximation, is assumed to
approximate the orientation distribution from experimental measurements. The reason for
choosing the orientation tensor (OT) as a means to generate an ODF is that the OT provides a
compact description of a large data set. The probabilistic chances of achieving the target OT
depend on the number of realizations of the underlying random number generator (which operates
on the corresponding ODF). Smaller number of realizations (i.e. for an RVE containing a smaller
number of fibers) increases chances to obtain more statistically dissimilar virtual SFC microsamples. A second order OT may correspond to many ODFs. The recovery of an ODF is heavily
influenced by the choice of the closure approximation used. Lastly, one may argue that direct
orientation distribution measurements input may be considered bias since there is a high
probability of obtaining a different orientation distribution for another set of measurements.
Therefore, it is not believed the measured orientation distribution from a single sample is unique
and reproducible. Even though the retrieved ODF is not unique, the obtained orientation tensor is
reasonably close to that of the requested orientation tensor for most cases. Furthermore, the second
order orientation tensor best serves the flow molding community since it is computationally
expensive to track an ODF than a second order orientation tensor. The framework for mechanical
characterization of additively manufactured short fiber composites can be coupled with flow
simulation. This means that the orientation changes, e.g. from altering the nozzle of an EDAM
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system may be studied using flow simulation tools and the obtained second order orientation tensor
(as the description of the output local orientation state) can be used for investigating the mechanical
performance.
To recover the ODF, we may form the deviatoric version of the orientation tensors shown
in Eq. (3.3). Here, the Kronecker delta, 𝛿ÉÊ , signifies the unit tensor. Since the unit vector, 𝒑, is
defined on the unit sphere, we may utilize a useful mathematical tool for representing real-valued
functions on the unit sphere, the Fourier series based on spherical functions. The deviatoric form
of the orientation tensor allows us to recover the orientation distribution function. The deviatoric
tensor description may be rewritten as a function of the unit vector, 𝑝* , and these are called the
basis functions, 𝑓*5…Ij .

1
𝑏*5 = 𝑎*5 − 𝛿*5
3

𝑏*5Ij = 𝛼*5Ij −

1
𝛿 𝛼 + 𝛿*I 𝛼5j + 𝛿*j 𝛼5I + 𝛿5I 𝛼*j + 𝛿5j 𝛼*I + 𝛿Ij 𝛼*5 + ⋯
7 *5 Ij
1
… (𝛿*5 𝛿Ij + 𝛿*I 𝛿5j + 𝛿*j 𝛿5I )
35

1
𝑓*5 𝒑 = 𝑝* 𝑝5 − 𝛿*5
3

(3.3)

(3.4)

(3.5)

𝑓*5Ij 𝒑 = 𝑝* 𝑝5 𝑝I 𝑝j …
…−

1
𝛿 𝑝 𝑝 + 𝛿*I 𝑝5 𝑝j + 𝛿*j 𝑝5 𝑝I + 𝛿5I 𝑝* 𝑝j + 𝛿5j 𝑝* 𝑝I + 𝛿Ij 𝑝* 𝑝5 …
7 *5 I j
1
… + (𝛿*5 𝛿Ij + 𝛿*I 𝛿5j + 𝛿*j 𝛿5I )
35

(3.6)
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The orientation distribution function may be written in the form shown below:
𝜓 𝒑 =

1
15
315
+
𝑏*5 𝑓*5 𝒑 +
𝑏 𝑓
𝒑 +⋯
4𝜋 8𝜋
32𝜋 *5Ij *5Ij

(3.7)

Since the basis functions are spherical harmonics, it implies that they are orthogonal on the
surface of the unit sphere (i.e., the surface integral of the product of any two indifferent basis
functions are zero,

𝑓 𝑓
`Z *5 ÉÊÎÏ

𝑑𝑆 = 0 etc…). Furthermore, since the basis functions and Fourier

coefficients are formed from the even symmetric products of the unit vector, 𝑝* , they are too
symmetric from their indicial notations and the trace of the basis results in zero (i.e., 𝑏II =
𝑏*5II = 0). It becomes apparent that the ODF, 𝜓(𝒑), is made up of the basis functions, 𝑓*5…Ij , and
their Fourier coefficients, 𝑏*5…Ij , where the coefficients hold information regarding the 𝑛-th order
polynomial in 𝒑.
Once we obtain an ODF, we need a method to sample random numbers from the obtained
ODF and this becomes challenging if we have a two variable orientation distribution function of
the form, 𝜓(𝜃, 𝜙). For two variable ODF, there exists a few methods such as the distribution
function technique, method of transformations (i.e., inverse mappings), and moment generating
functions. While the discussion of two variable sampling is beyond the scope of this text, we may
understand the simple case of sampling one angle from the inverse transform sampling method as
it is relevant for planar orientations. The sampling of random values 𝜙 from a given probability
distribution function 𝑓(𝜙) is performed by the inverse transform sampling method. To sample a
random number, 𝑈, with a normalized non-uniform probability distribution function 𝑓(𝜙), the
PDF 𝑓(𝜙) is first integrated to compute the normal cumulative distribution function (CDF) 𝐹(𝜙).
Next, the inverse normal CDF (or quantile function) 𝐹 ²$ (𝑈) is obtained. Finally, the value of the
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uniformly distributed random number, U, is substituted into the quantile function. Therefore, 𝜙 =
𝐹 ²$ (𝑈) is an Euler angle generated by the random number with a PDF 𝑓(𝜙) when 𝑈 ∈ 0,1 .
The RVE has global dimensions of L, w, and t along the x1, x2, and x3-directions,
respectively, see Figure 3.2. The spatially irregular and stochastic composite microstructure is
approximated by the fiber arrangement having a fundamental geometrical pattern termed as a unit
cell or repeated unit cell (RUC). The unit cell concept is similar to that of the fundamental structure
of matter for metallic materials, where a metallic volume may be composed of atoms arranged in
a face centered cubic (FCC) fashion as in copper.

Figure 3.2 Formulation of a representative volume element based on obtained microstructure

Likewise, the RUC is a region that is periodically repeated throughout the volumetric
domain. In other words, a RUC is surrounded by the periodic replicas of itself and, therefore,
adequately represents the major effects of micro-scale heterogeneities on fiber-matrix interactions.
An assumed periodic character of the composite microstructure geometry allows to formulate an
RVE in terms of a RUC, as schematically shown in Figure 3.2.

80
Because of our adopted notion of an RVE, we must capture sufficient heterogeneities so as
to represent the experimentally characterized material. The RVE size is chosen to capture the
correct volume fraction and adequate fiber orientations from the orientation distribution
measurements. The orientation state within an RVE was sampled after the ODF 𝜓 𝒑 recovered
from the second order orientation tensor given by Eq. (3.8):
𝒂*5 =

0.95

0
0
0.05 0
0

(3.8)

The high degree of alignment a11 (as compared to the experimental measurements reported
in Chapter 2) is requested as there is a small number of inclusion realizations during the RVE
generation in the random sequential adsorption process, and therefore the target (requested)
orientation tensor will not be exactly the obtained one. The obtained a11 value in the generated
RVEs lies within 0.8…0.9.
The length of the RVE is chosen to be either 160𝜇m or 170𝜇m, this length is slightly longer
than the fiber length of a fiber perfectly aligned in the 𝑥$ direction. The 𝑥% and 𝑥& dimensions were
chosen arbitrarily to be 120𝜇m and 10𝜇m, respectively; however, they were large enough to
capture the necessary heterogeneities though small enough to be considered a point in the
additively manufactured short fiber composite material as well as small enough to be
computationally feasible to solve.
Fibers and matrix are presumed to be in the tri-axial state of stress to capture the threedimensional stress transfer in composite given the composite micro-structure (i.e., corresponding
to the fiber size and microscopic morphology). Since virtual testing of a short fiber composite RVE
under uniaxial tension in the print (x1) direction is in displacement control and the RVE is one of
many RUCs, the displacement difference periodic boundary conditions is assumed to best
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represent the deformation mode of the short fiber composite RVE. For a general periodic volume,
the displacement field 𝑢* (𝑥$ , 𝑥% , 𝑥& ) may be expressed as shown in Eq. (3.9):

𝑢* (𝑥$ , 𝑥% , 𝑥& ) = 𝜀*I 𝑥I + 𝑢*∗ (𝑥$ , 𝑥% , 𝑥& )

(3.9)

where the average strain tensor for the periodic unit cell is denoted as 𝜀*I and the product of the
constant strain tensor with the position vector 𝑥I is the linear distributed displacement field. The
second variable on the right hand side of Eq. (3.9), 𝑢*∗ , denotes the periodic portion of the
displacement components, and with its absence we retrieve the kinematically uniform boundary
condition.
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Figure 3.3 A representative volume element with the periodic boundary conditions

The displacement fields on the opposite faces of the parallelepiped RVE, see Figure 3.3,
are given by Eq. (3.11):
5Ò

5Ò

𝑢* = 𝜀*I 𝑥I + 𝑢*∗
5²
5²
𝑢* = 𝜀*I 𝑥I + 𝑢*∗

(3.10)
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With the periodic boundary condition, there are a couple key assumptions made which are:
tractions on opposite parallel surface are equal in magnitude as well as opposite in direction, and
displacement difference of the corresponding opposite parallel surfaces be equal to the product of
the effective strain tensor with the difference of the position vector, see Eq. (3.12).

5Ò

5²

5±

𝑢* − 𝑢* = 𝜀*I 𝛥𝑥I

(3.11)

Development of a Virtual Composite Micro-Structure Sample
This section describes the methodology of generating a virtual sample of the
microscopically heterogeneous short fiber composite containing the necessary inclusions.
Digimat© FE is used to generate the virtual sample, and the virtual sample is used as an RVE for
computational modeling of the progressive failure nature of these additively manufactured short
fiber composites. The RVE boundary takes the form of a parallelepiped with cylindrical fibers of
constant length and diameter. The fiber packing strategy follows an RSA algorithm, where fibers
are generated and placed in the parallelepiped space of an RVE iteratively. The RSA algorithm
generates an inclusion which can either be a fiber or a void, and the elementary inclusion is
centered at the origin with the main axis of the inclusion parallel to the global 𝑥& axis. Since the
inclusions are of constant length and size, no sizing transformations are applied. A rotation is
applied to the inclusion by the angles retrieved from the ODF, for voids the ODF is assumed to be
3D random. A translation is applied to the inclusion by means of a uniformly distributed
pseudorandom number, where clustering of the inclusions in not allowed. Interpenetration of the
inclusions is not allowed, and an inclusion interpenetration check is performed. If the inclusion
violates the interpenetration rules, the algorithm iteratively reapplies a rotation and translation as
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well as re-checks if interpenetration is violated. Further geometrical rules are verified such as
minimum inclusion spacing and accepts the placement of the inclusion if no further geometrical
conditions are violated. The algorithm repeats these steps until the correct inclusion volume
fractions are accomplished. Though, certain cases cause a jamming limit which prevents the
inclusion volume fraction to be achieved. In order to keep the periodicity condition of RVE
geometry, parts of any fiber extending past the RVE boundary surface are cut and shifted to the
opposite surface.
In Figure 3.4 and Figure 3.5, we begin with the material specification and we obtain the
necessary micromechanical descriptions through experimentation or literature. From the material
specification to the box enclosing what is needed for the geometry of micro-phases, volume
fractions and micro-morphology, we import this box into the preprocessing step shown in Figure
3.4. The pre-processing step is performed with the computational package Digimat© FE. Within
this computational software, the RVE dimensions are specified along with the inclusion descriptors.
Moreover, the experimental data is used here to described the orientation state of the fibers, the
void volume fraction, the void shape and size, the fiber volume fraction, and the fiber length. The
geometrical constraints are set by choosing the RVE to exhibit periodic geometry. The mesh is
made conformal, non-quadratic (i.e., linear C3D4 elements), with curvature control, internal
coarsening, and a chordal deviation ratio of 0.15. The mesh is transferred over to Abaqus/Standard
(Implicit) where the constitutive models for the constituents are applied. The constituent models
are similar to those used in chapter three. The boundary conditions are applied to the mesh, where
a total of 3% strain is applied (e.g., for RVEs with a total length of 170𝜇m, this corresponds to a
displacement of 0.0051𝜇m). In Abaqus/Standard, XFEM based formulation is applied to enrich
the matrix elements with phantom nodes and the maximum principle stress criterion is enforced
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along with a bilinear traction separation law to govern the evolution of damage as loading
progresses. The interface material is specified with a surface based cohesive zone, where it is
perfectly bonded initially and undergoes degradation as damage accumulates at the interface. The
carbon fiber has been modeled as non-damageable since the stresses has not been found to exceed
the maximum breakage strength in the short fiber composite RVEs. The displacement periodic
boundary conditions are specified through Digimat© FE, and transferred over to Abaqus/Standard
(Implicit). Viscous regularization is recommended and applied to both the XFEM formulation and
interfacial material model to help with convergence of the nonlinear analysis. For XFEM, viscous
regularization provides localized damping which causes the tangent stiffness matrix of the material
undergoing damage to become positive for significantly reduced time increments. For the interface,
the same technique and result applied as in the case for XFEM viscous regularization. A “softened”
contact pressure-overclosure linear function is used to help with numerical convergence. With the
linear pressure-overclosure, the surfaces transmit contact pressure when the overclosure between
both surfaces are beyond zero, the overclosure is measured in the contact normal direction.
Automatic stabilization is used in the solution controls with a specified dissipated energy fraction
value of 2×10²q , and the adaptive automatic damping algorithm is also specified with a value of
0.05. The adaptive automatic damping algorithm is the allowable ratio of the stabilization energy
to the total strain energy. With all of these parameters set, the analysis is then submitted.
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Figure 3.4 Preprocessing workflow step for generating a digital micro-structure of an additively
manufactured short fiber composite

Figure 3.5 Computational workflow from generating a meshed digital microstructure to solving
the analysis for obtaining the homogenized mechanical properties of the additively manufactured
short fiber composite
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Constitutive Models for Progressive Damage Analysis of a Virtual Composite MicroStructure Sample
For the short fiber reinforced composite, two damage mechanisms are taken into account:
fiber/matrix debonding, and matrix cracking, while fiber response is linear-elastic. These local
failure modes are treated with different computational damage theories. Cohesive zone modeling
(discrete damage theory) to capture fiber-matrix disbonding is coupled with the Extended Finite
Element Method (element enrichment scheme) to represent matrix damage.
3.4.1

Damaged Response of Matrix
The damage response of the matrix is attributed to cracking, with the crack locations and

propagation paths are not known a priori and depend on the complex three-dimensional stress
transfer between the short fibers and matrix defined by the composite inherent micro-morphology
details. The ability to predict the matrix micro-cracking from the given irregular composite microstructure is essential for the composite failure analysis. The extended finite element method
(XFEM) is herein used to analyze the micro-crack growth in matrix along undefined paths. The
discontinuity is defined separately from the finite element mesh since it is not a conforming mesh,
this allows a crack of arbitrary shape and location to be formed and grow. The crack geometry in
the XFEM does not have to be aligned with finite element edges, therefore XFEM can be applied
to study the initiation and propagation of a crack along an arbitrary, mesh-independent, solutiondependent path, which provides flexibility and versatility in modeling of short fiber composites.
The XFEM methodology is utilized here within the general purpose, non-linear finite element code
ABAQUS/Standard (Implicit) (Abaqus Users Manual).
Within XFEM framework, the finite elements representing the matrix material are enriched
with phantom nodes to represent the discontinuity of the cracked elements. The phantom nodes
are coincident and constraint with the original real nodes, such that they displacement together
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when the finite element is intact and no damage has occurred. The discontinuous surface (i.e.,
crack surface) is defined using the signed distance function, 𝑓(𝒙𝑴 ), which determines the distance
of a given material point, 𝒙𝑴 , or spatial point, 𝒙, within the volume, 𝜴, to the boundary surface, 𝜞
or 𝝏𝑽. The function 𝑓(𝒙𝑴 ) is zero when the points lie on the boundary (i.e., 𝑓 𝒙𝑴 = 0) . Once
the element exhibits damage such that the element becomes cracked, the element splits into two
elements defined by the real and phantom nodes, see Figure 3.6. Starting with the discontinuous
displacement field formulation in an element when using the XFEM field, it can be shown that
XFEM field can be formulated using the sum of two elemental fields which lie above and below
the cracked boundary surfaces [110]. The discontinuous displacement field is formulated with the
Heaviside function, 𝐻(𝒙 − 𝑎), (i.e., the unit step function), where it has a jump of size 1 at 𝒙 = 𝑎
when formulated as shown in Eq. (3.12). The unit step function is a convenient way to model the
displacement jump across the cracked boundary surface. We can see from Eq. (3.13) that the
discontinuous parts of the displacement field discretized in terms of the standard nodal
displacement vector, 𝑢Ú , and a nodal enriched degree of freedom vector, 𝑎Ú .
If a cohesive law is adopted, then the crack-tip asymptotic singularity function, 𝐹Û (𝒙),
vanishes and we consider the displacement jump across the cracked element in addition to the
standard nodal displacements as shown in Eq. (3.14). Furthermore, once the element splits and the
two elements are formed, the phantom nodes and its corresponding real node are no longer
constraint with each other and may displace separately as defined by the traction separation law or
cohesive law. An element becomes split or a crack emerges when we impose a maximum principle
stress criterion for the matrix elements, shown in Eq. (3.15). The element becomes split or cracked
once the principle stress ratio reaches a value of greater than or equal to unity.
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Figure 3.6 Schematic illustrating a crack opening with real and phantom nodes shown, the real
nodes are solid black and the phantom nodes are white circles [110]

After the maximum principal stress criterion is satisfied, then subsequently the newly
introduced crack grows orthogonally to the maximum principal stress direction.
𝐻 𝒙−𝑎 =

0,
1,

𝑖𝑓 𝒙 < 𝑎
𝑖𝑓 𝒙 > 𝑎

K

𝑢(𝒙) =

(3.12)

q

𝐹Û 𝒙 𝑏ÚÛ

𝑁Ú 𝒙 𝑢Ú + 𝐻 𝒙 𝑎Ú +
ÚJ$

(3.13)

ÛJ$

K

𝑢 𝒙 =

𝑁Ú 𝒙 𝑢Ú + 𝐻 𝒙 𝑎Ú

(3.14)

ÚJ$

𝑓=

𝜎lÜÝ
≥1
?
𝜎lÜÝ

(3.15)
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?
where 𝜎lÜÝ
is the maximum allowable principal stress in matrix; 𝜎lÜÝ is the local matrix

principal stress, with

representing the Macaulay bracket with the usual interpretation. The

degree of separation (crack opening) between the real and phantom nodes is defined based on the
damage evolution law, which prescribes the rate at which the tractions on the cracked surface
degrade to zero after the fracture initiation criterion has been satisfied. It is achieved by degrading
the cohesive stiffness based on the traction-separation law having a linear elastic behavior phase
and a following linear softening phase (i.e., representing local material unloading from the damage
?
progression). Herein, the traction-separation law is assigned with the material strength, 𝜎lÜÝ
=
lÜßÎ*Ý
35𝑀𝑃𝑎, and fracture energy, 𝐺kÎÜhß
= 0.01𝑘𝐽/𝑚% , needed to dissipate and allow the tractions

to decay to zero. Polycarbonate elastic modulus is taken as 2.4GPa with a Poisson’s ratio is 0.38.
The isotropic elasticity material behavior may be defined as follow:
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(3.16)

1
𝐺

as required for isotropic materials.

The linear elastic traction is assumed to follow a linear elastic behavior as shown in Eq.
(3.17). The traction separation law relates the normal and shear tractions, 𝑡, to the normal and shear
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separations, 𝛿 of a cracked element. The subscript n denotes the normal tractions or separation and
the subscripts s and t denote the two shear tractions or separations. For the elastic matrix, the
normal and shear components are uncoupled. The stiffness terms, 𝑲, are automatically computed
based on the elastic properties of the enriched element.

𝑡n
𝐾nn
𝑡Ï = 0
𝑡ß
0

0
𝐾ÏÏ
0

0
0
𝐾ßß

𝛿n
𝛿Ï or 𝒕 = 𝑲𝜹
𝛿ß

(3.17)

The damage evolution law describes the rate of cohesive stiffness degradation once the
failure initiation criterion has been satisfied. The formulation for damage evolution is provided
below in Eq. (3.18). The variable 𝑇 and 𝑑 represent the elastic stress components predicted from
the elastic traction separation behavior for the non-damaged current separations and a scalar
damage variable, respectively. The damage variable is representative of the mean overall damage
located at the junction between the damaged surface or cracked surface and the damaged element
edge. Furthermore, the scalar damage variable monotonically develops from a value of 0 to a value
of 1 as the load increment progresses.

𝑡n =

𝑇n 1 − 𝑑 ,
𝑇n ≥ 0
𝑇n ,
𝑂𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
𝑡Ï = 𝑇Ï (1 − 𝑑)
𝑡ß = 𝑇ß (1 − 𝑑)

(3.18)
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3.4.2

Damaged Response of Fiber-Matrix Interface
Analysis of disbonding between fibers and matrix is handled with interface damage

modeling implemented through the surface-based cohesive behavior in ABAQUS/Standard
(Implicit) [111]. Surface-based cohesive contact modeling approximates the mechanical response
of the fiber/matrix interface with negligibly small thickness during composite macroscopic tensile
loading. Cohesive contact behavior is used to model a bonded fiber/matrix interface in which the
bond may damage and fail; it assumes that failure of the cohesive bond is characterized by
progressive degradation of the cohesive stiffness, which is driven by a damage process and is
defined within the contact pair framework in ABAQUS/Standard. Surface-to-surface contacts with
frictionless tangential, “softened” normal and cohesive behaviors are assigned between the finite
element-based surfaces representing the boundaries of the fibers and matrix sub-domains. The
“softened” contact pressure-overclosure relationship is used to make it easier to resolve the contact
condition. The linear pressure-overclosure relationship is herein used with stiffness of 105
MPa/mm. Since fibers are stiffer than matrix, it is assumed that the fiber surface is a master in
contact interaction, while the matrix surfaces are the slaves in contact interaction. The constitutive
behavior of a cohesive interface is the traction-separation law, which relates the contact (interface)
tractions, 𝑡* , to the contact separations, 𝛿* , between the adjacent surfaces:

𝑡n
𝑡Ï =
𝑡ß

0

1 − 𝑑 𝑘01

0
0

1−𝑑

0

𝑘02

0
0
1 − 𝑑 𝑘03

𝛿n
𝛿Ï
𝛿ß

(3.19)

where again subscript “n” is for the surface normal direction and subscripts “s” and “t” and the
surface shear directions; 𝑘*? = 1 10™

èéê
ëë

(𝑖 = 1 − 3) is the initial interface stiffness; d is the
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scalar damage variable, with 𝑑 = 0 corresponding to intact interface and 𝑑 = 1 corresponding to
a both constituents being disbonded. The cohesive interface exhibits linear elastic behavior until
damage initiation and obeys a softening behavior afterwards, which is taken linear. A stress-based
quadratic criterion was selected for the initiation of dis-bonding between matrix and fiber, Eq.
(3.20):
𝑡n
𝑇n

%

+

𝑡Ï
𝑇Ï

%

+

𝑡ß
𝑇ß

%

=1

(3.20)

where 𝑇n , 𝑇Ï , 𝑇ß are corresponding interfacial strengths. For the propagation of delamination, a
power-law fracture mechanics-based criterion was used, Eq. (3.21):

𝐺Ú
𝐺ÚÚ
𝐺ÚÚÚ
+
+
=1
𝐺Úì 𝐺ÚÚì 𝐺ÚÚÚì

(3.21)

It was assumed 𝑇n = 20𝑀𝑃𝑎, 𝑇Ï = 𝑇ß = 25𝑀𝑃𝑎 and 𝐺Úì = 𝐺ÚÚì = 𝐺ÚÚÚì = 0.1𝑘𝐽/𝑚% .
3.4.3

Liner-Elastic Response of a Fiber
Fiber are considered transversely isotropic and the constitutive relations are formulated as

shown below. Transversely isotropic materials are defined by a plane in which the material
properties in the directions that span the plane are identical. For composite materials with fibers
modeled as transversely isotropic, the plane of isotropy is typically the 2-3 plane. With the 2-3
plane defined as the isotropic plane, it is further implied that the modulus in the 2 and 3 directions
are identical (i.e., meaning 𝐸% = 𝐸& ). Moreover, transversely isotropic materials must follow the
shear modulus relation given in Eq. (3.22). Moreover, the in-plane Poisson’s ratio and shear
modulus must be identical (i.e., 𝜈$& = 𝜈$% and 𝐺$& = 𝐺$% ). It becomes apparent that we only need
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5 elastic constants to describe the transversely isotropic fiber. The elastic constants used for
modeling the fiber are summarized in
Table 3.1.
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Table 3.1 Assumed elastic properties for carbon fiber
𝑬𝟏 (𝑮𝑷𝒂)

𝑬𝟐 = 𝑬𝟑 (𝑮𝑷𝒂)

𝝂𝟏𝟑 = 𝝂𝟏𝟐

𝑮𝟏𝟑 = 𝑮𝟏𝟐 (𝑮𝑷𝒂)

𝝂𝟐𝟑

200

20

0.2

15

0.4

In short fiber composites, the dominant failure modes are matrix cracking and interfacial
disbonding. To save computational resources, the fibers are modeled as a non-damageable linear
elastic continuum. The stress state within the fibers most often do not exceed the critical fracture
strength for short fiber composites.
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In-Silico Homogenized Macro-Mechanical Response of an Additively Manufactured
Short Fiber Composite
The stress and strain fields within the short fiber composite RVE have been homogenized
and the stress-strain plot shown in Figure 3.7 is reflective of the macro-mechanical response. As
we may expect, the finite element solution begins with a linear elastic response from the point of
load introduction up until 0.27% strain which corresponds to 23.8MPa in stress. Within the linear
elastic zone, the STATUSXFEM output variable indicates damage has occurred with the enriched
elements. The variable ranges between 0 and 1, where a value of zero corresponds to un-cracked
enriched elements, a value of 1.0 signifies the enriched elements are completely cracked, and
values within this range denote partially cracked enriched elements. A value of 0.40 is found for
the aforementioned applied strain and stress. The partially cracked enriched element means that
the failure criterion has been satisfied (i.e., the stress on the matrix element has reached a value of
its ultimate bearing load or beyond) and the evolution law is in effect. We may consider the crack
to be in its embryonic state since the cohesive stiffness separating the cracked surface has not been
completely dissipated.
The partially cracked enriched element lies within the RVE, and originates near the void
though this element is barely visible. We observe no changes in the homogenized macroscopic
stiffness response and the material continues to respond in a linear elastic manner. As the load
progresses to the point of 0.51% strain which corresponds to 45.2MPa, we notice more elements
become partially cracked and the crack begins to propagate slightly further as shown in Figure 3.7.
The crack is approximately 8𝜇m in length which is approximately 7% of the total width (i.e., the
length along the 𝑥% direction). However, despite the crack propagating a bit further with the
surfaces supporting a fraction of the load relative to the bulk and fibers, the overall homogenized
stiffness property has not shown any substantial change and remains in the linear elastic regime.
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Figure 3.7 (a) Homogenized stress vs strain response for an RVE (b) progression of damage
within RVE at three locations within the homogenized stress strain plot

Once the load increment progresses to a strain of 1.0% with a stress value of 77MPa, the
homogenized properties behave in a nonlinear fashion. The crack has propagated to a length of
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approximately 56𝜇m in length which corresponds to 47% of the total width and is a 600% change
in length from the previously mentioned load increment. Moreover, the STATUSXFEM still
remains at a value of 0.40 which is indicative of the material still dissipating its energy along the
cracked boundary surfaces. It is important to note that although we mention the failure
corresponding to the matrix elements, there is the second competing failure mechanism of
interfacial disbonding at play during the loading of the RVE. The interfacial disbonding may be
monitored using the CSDMG or CSQUADSCRT which are the scalar stiffness degradation
variable and the quadratic stress criterion for the interfacial behavior, respectively. Similar to the
STATUSXFEM, CSDMG is indicative of interfacial failure in the form of disbonding in which a
value between 0 and 1 signifies partially failed interface that can support load transfer at a much
lower amount relative to the intact interfaces. At a load increment corresponding to 0.51% strain
and 45.2MPa stress, the scalar stiffness degradation variable takes on a nonzero value of 0.09 and
informs us that partial failure of the interface of a fiber/matrix pair has begun (i.e., the quadratic
stress criterion has been satisfied). The commencement of interfacial failure is only observed a
small quantities of interfaces corresponding to a small number of fiber/matrix pairs. In other words,
not all interfaces partially fail at this load increment that is within the linear elastic zone. At the
loading increment of 1.0% strain, we observe many more interfacial partial failures with scalar
degradation values of up to 0.74 indicative of fractional load transfer at those interfaces.
It is clear that we have two competing failure mechanism at these linear and nonlinear
regimes along the stress-strain response curve. The enriched elements begin to completely fail
when the load increment progresses to a stain value of 1.60% with a stress of 92.3MPa; however,
the interface remains partially failed at all locations where damage has begun with the highest
scalar degradation value of 0.90. Therefore, the matrix enriched elements have completely failed
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in that it has completely lost its load bearing capabilities before the interface for the damaged pairs.
We notice the crack completely propagates through the width of the RVE when the strain has
reached a value of 2.4% with a stress of 101.8MPa. At the fracture surface, we observe major
failure occurring at the interface with the fiber being disbonded from the matrix and a fiber pullout mode being evident as shown in Figure 3.8.
The localized stress and strain field are evidently non-uniform as we may suspect, and there
are regions of high and low stress. To observe the localized stresses, the field stresses have been
normalized to the homogenized stress (i.e., define the stress concentration as the ratio of the field
stress to the average volumetric stress within the RVE). We notice the stress concentration may be
as high as 1.6 and depends on the micro-morphology of the RVE as shown in Figure 3.9.
Moreover, the stress concentration regions are not unique in which they do not always
occur at the same location. Stress concentrated regions are noticed to be dependent upon the spatial
configuration of the fibers or the morphology of the RVE. In other words, fibers clustered to one
another lead to higher localized stresses within their vicinity in addition to areas near voids. Fiber
ends also tend to present stress concentrations within the RVE. Therefore, damage may initiate
from any of those locations and that is the essence of the finite element solution in regards to
providing such information. The analytical micromechanical models generally do not allow for
both damage mechanisms to occur at the same time during loading given the complex micromorphology and tend to neglect the complex micro-morphology by idealizing the material microstructure. For example, the rules of mixtures or delamination theories do not consider
morphological details in their formulations.
Secondly, we may observe the quantity of stress the individual constituents uphold due to
the applied load. If we focus our attention at the loading increment corresponding to 0.51% strain
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with 45.2MPa stress, we can detect the non-uniform stress within the matrix withstanding around
30MPa to 40MPa in some regions and we identify the fibers withstanding most of the load transfer
with a stress of 400MPa in certain locations as well as stress concentration values being at most
2GPa near the fiber end. The non-uniform stress distributions for both constituents are shown in
Figure 3.9. It is further emphasized the stress distribution dependence on the micro-morphology.
The effects of residual thermal stresses are recognized as potentially influential to the stress state
of the constituents; however, they are not considered for this and subsequent analyses and will be
considered in future modeling work. Lastly, Table 3.2 through Table 3.4 summarize the parameters
used for this study and are provided for convenience.

Table 3.2 Micromechanical descriptors obtained through experimentation
Microstructural Variables

Quantity

Number average fiber length, 𝑳𝒂𝒗𝒈 (𝝁m)

160

Fiber diameter (𝝁m)

5

Number average fiber volume fraction (%)

13

Number average void volume fraction (%)

1.0

Degree of fiber alignment with print direction, 𝒂𝟏𝟏

0.8 – 0.9
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Figure 3.8 Illustration of interfacial disbonding in a fiber within the RVE, red indicates the scalar
damage variable has reached a value of 1.0, and the fiber is disbonded from the matrix

Figure 3.9 Stress field within an RVE where the contour measures localized stress over
homogenized stress to define the stress concentration factor
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Table 3.3 Material model parameters for matrix used in Abaqus/Standard (Implicit)
Material Model Variables for Matrix

Quantity

Ultimate Strength, 𝝈𝟎𝒎𝒂𝒙

35 MPa

Damage Evolution, 𝑮

0.01 kj/m%

Damage Stabilization, 𝜼

0.002

Modulus of Elasticity

2.4 GPa

Poisson’s ratio

0.38

Table 3.4 Material model parameters for the interface used in Abaqus/Standard (Implicit)
Material Model Variables for Interface

Quantity

Normal Strength, 𝑻𝒏

20 MPa

Shear Strengths, 𝑻𝒔 = 𝑻𝒕

25 MPa

Fracture Energy, 𝑮𝑰𝑪 = 𝑮𝑰𝑰𝑪 = 𝑮𝑰𝑰𝑰𝑪

0.1 kJ/m%

Damage Stabilization, 𝜼

0.002

Pressure-overclosure stiffness, 𝑲

10™ N/mm&
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4. PREDICTING VARIABILITY IN MECHANICAL RESPONSE OF AN
ADDITIVELY MANUFACTURED BEAD WITH STOCHASTIC
MORPHOLOGY

Probabilistic Monte-Carlo approach to virtual testing is herein used to quantify the microstructure caused variability of SFC stiffness and strength (i.e., the PFA is conducted for repeated
random sampling of virtual micro-morphologies). Probabilistic approach enables to quantify the
variation and uncertainty by using distributions instead of fixed values, where a distribution
describes the range of possible values and shows which values within the range are most likely.

Structure/Property Relationship in a Stochastic Additively Manufactured Short Fiber
Composite
Despite our best attempts to maintain the processing conditions and parameters constant in
EDAM processes, variability in mechanical properties of printed geometries will surface. The
mechanical properties characterized earlier in chapter two signifies exemplifies the existence
varying properties. The variability in mechanical performance may be attributed to different
microstructural configurations for each tensile coupon. The microstructure as we currently
understand, contains fibers orientated as they must with a distribution of length in addition to a
finite set of void size, shape and constituent volume fractions. Each individual tensile coupon
shown in chapter two had originated from a large block of printed short fiber composite material.
We must acknowledge the wanting physics needed to grasp the interplay between flow dynamics
and fiber characteristics (e.g., fiber orientation, fiber length etc.). The initial conditions of the
process are unknown. Moreover, they are stochastic since we do not own a tool to accurately and
precisely determine the initial conditions of the process. In other words, it is extraordinarily
difficult to capture the spatial position of the fibers in a deterministic manner as the bead is
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deposited onto the build surface, this would require tracking the individual feedstock pellet and its
microstructural details with extremely accurate flow simulations from the commencement of the
EDAM process. Due to this fact and the observation of non-constant sub-volume morphologies
along the length of the bead leads us to the belief that variability is likely caused by fluctuating
microstructure from one tensile coupon to the next. With the spatial locations of the inclusions
denoted as stochastic, regions of stress concentrations from processing are currently unpredictable.
As we have observed previously in chapter 3, the stress concentration may be as large as 1.6 times
the volume averaged stress and may be higher or lower depending on the morphology. Furthermore,
the orientation state is not necessarily constant across the length of a bead, some planes may have
an overall more compliant orientation state (i.e., the 𝑥% -𝑥& plane). A more compliant orientation
state may imply localized failure or areas where the fibers are generally more misaligned with the
loading direction. The DIC images of the strain field highlights the existing non-uniformity in
strain within the measured area, the non-uniform strain field may be attributed to the more
compliant zones. The process is believed to determine the microstructure, that forms the material
in question, from which the properties are governed by the process induced microstructure. We
refer to this idea as the process-structure-property relationship and they are not independent from
each other, see Figure 4.1. For all classes of materials across all scales, the structure-property
relations exist as it also does in the extrusion deposition additive manufacturing process.
While an RVE does not physically resemble the overall macroscopic structure with
perfection, we may use the idealized periodic RVE micro-structure to study the cause of variability
in mechanical performance. Due to the unit cell assumption, changes in the RVE implies it is
representative of the macroscopic idealized volume as it is made up of these unit cells in a repeated
fashion. Modifications in the morphology of the RVE implies overall changes in the idealized
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periodic macroscopic structure. By solving the micromechanical model, we may head toward
multiscale studies from which we can solve the micro-morphology and feed the performance of
the micro-morphology into a structure with macroscopic elements where the elements represent a
point in the material structure (i.e., the points are represented by the micro-morphology) as shown
in Figure 4.2. With the non-uniqueness of the recovered ODF and the use of a pseudorandom
number to assign the spatial location of the inclusions within the RVE, we may investigate the
obtained homogenized mechanical performance due to the stochastic generation process.

Figure 4.1 The material paradigm

Even though the spatial configuration of the fibers will be stochastic, the specified
orientation tensor will not. However, requested orientation tensor by itself does not imply the
sampled Eulerian angles will be used as in the case of previously generated RVEs. The Eulerian
angles will be different for each stochastically generated RVE. With the stochastic generation
process, we may begin to see structure-property relations and gain insight into how microscopic
details may lead to more or less favorable outcomes in terms of mechanical performance. The
same framework and methodology from chapter 3 is applied for the structure-property relationship
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study. A virtual tensile test is performed by means of progressive failure analysis; from which
constituent material property involve constitutive degradation with traction separation laws as well
as cohesive surface relations. Extended Finite Element Method has been incorporated to model
crack initiation and growth in all stochastically generated morphologies.

Figure 4.2 Extrusion deposition additive manufacturing of tensile plaque exhibiting local
microstructural variations in micro-morphologies, the multiscale problem at hand
Development of Stochastic Digital Micro-Samples
Additive manufacturing of short fiber composites contains many problems and we focus
on breaking down the required blocks needed for mechanical characterization as shown in Figure
4.3. A digital microstructure is generated from the experimentally determined microstructural
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descriptors, this requires experimental quantification of the microstructure. We subject the digital
microstructure or RVE to progressive failure analysis and we also perform experimental tensile
test of printed coupons. The results of the virtual tensile test are compare the results to the tensile
tested coupons (i.e., this serves as an initial validation step). Herein we solely focus on
characterizing the strength and stiffness along the print direction.

Figure 4.3 Breakdown of the required blocks needed to perform virtual analysis of an additively
manufactured short fiber composite

Investigation of Structure-Property Relationship of an Additive Manufactured Short
Fiber Composite from Stochastic Digital Micro-Samples
All eight RVEs follow the same trend in mechanical response with a linear elastic zone
followed by a nonlinear response. The details of progressive failure in one of the eight
stochastically generated RVEs is shown in Figure 4.4. The motive is to compare the differences
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between micro-morphology driven failures from the RVEs observed in Figure 4.4 and Figure 3.7.
In Figure 4.4, three points are highlighted to illustrate the damage evolution and propagation along
the curve. Within the linear elastic zone, damage begins as indicated by the STATUSXFEM
variable with a value of 0.4. Damage accumulation within the considered RVE begins with matrix
partially cracking in the regions of high stress concentration between closely spaced fibers at a
strain of 𝜀$$ =0.32% corresponding to a uniaxial stress value of 𝜎$$ =30MPa. The crack may be
considered in its embryonic stage, since the failure criterion in the matrix has been satisfied and
the evolution law is preventing the propagation of the crack. However, a partially cracked matrix
implies stress re-distribution since the partially cracked elements does not exhibit its full load
bearing capacity relative to its pristine self. The stress re-distribution due to the partially cracked
element at a strain value of 0.32% is practically invisible when looking at the homogenized stressstrain behavior. Moreover, we notice that interfacial disbonding has not occurred since the scalar
damage variable reads zero for all interfaces. Therefore, matrix failure is observed to occur first
during the initial damage occurrence. When the load progresses from a strain of 0.32% to 0.62%,
we observe an increase in the amount of partially cracked matrix elements such that the crack
growth from an element size to approximately 20𝜇m in length. From the load introduction to 20%
of the total strain applied to the RVE, the crack has grown approximately 17% of the total width
of the RVE (i.e., the length along the 𝑥% direction), this is shown in Figure 4.4 as point I on the
macro stress-strain curve. In addition to the growth of the partially cracked matrix elements, the
interface has satisfied its quadratic failure criterion and begins to soften its linear elastic response.
In other words, we have two competing failure mechanisms in effect at the strain value of 0.62%
corresponding to a stress of 57.7MPa. When the strain reaches a value of ≥ 0.75%, further matrix
degradation occurs and the interface at which damage has begun progressively becomes weaker.
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Moreover, the crack is evidently seen to follow the path orthogonal to the loading direction as we
may expect for short fiber composites (i.e., meaning along the 𝑥% direction) and the RVE
commences to behave non-linearly in response to the load at this strain value.
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Figure 4.4 Progressive damage analysis with homogenized stress strain relation for an RVE with
high degree of fiber collimation
Once the strain reaches a value of 1.5% and a stress of 95.8MPa, we observe the crack
extending from 20𝜇m to 67𝜇m or approximately 56% of the total width, this is shown as point II
along the stress-strain curve. The interface begins to fully disbond at the fiber ends and
progressively disbonds toward the center of the fiber. Finally, when the RVE approaches the point
of catastrophic failure as seen in point III along the curve, the crack fully extends and the fiber
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pull-out behavior becomes more apparent. The fiber pullout behavior is shown in Figure 4.5, where
the red highlighted regions signify the scalar damage variable being equal to 1.0 and it is shown
for a single fiber though the behavior exist for many others. When the scalar damage variable
reaches 1.0, it means the fiber is no longer bonded to the matrix and is free to slide
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Figure 4.5 Interfacial damage index for an RVE with high degree of fiber collimation, where red
indicates regions of disbonding between fiber and matrix constituents.

In a deterministic simulation, the parameters of the micro-morphology are known a priori.
Micro-morphology descriptors may only be characterized statically in the presence of uncertainty.
Figure 4.6 shows us two RVEs that exhibited the best and worst mechanical performance (i.e., the
strength and stiffness were compared). We see that on the microstructure shown on the left, there
are not voids and contains a relatively high fiber degree of alignment with respect to the loading
direction. The microstructure on the right shows us the RVE with substantially more voids and
generally less fiber alignment with respect to the loading direction. In both microstructures, failure
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originates near the fiber ends and a mix between matrix cracking and interfacial disbonding
contributes to the nonlinear stress-strain response. Figure 4.7 illustrates six out of the eight failed
RVEs that were generated in a stochastic fashion. The failure locations for each RVEs are
dissimilar, and it has been observed that matrix cracking originates either at the fiber ends or
regions with high fiber clustering that are near the fiber ends. Even though voids are known to
cause stress concentrations, it is not the only source where failure may occur. The morphology of
the RVE is what drives the failure initiation rather than the individual constituents.
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Figure 4.6 Comparison between effective stiffness and ultimate strength of two RVE with
different morphological characteristics
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Figure 4.7 Selected fracture topology for virtually tested micro samples

Figure 4.8 (a) contains the experimental results obtained in chapter two for the
polycarbonate 13% fiber volume fraction tensile coupons with the virtually tensile tested results,
it is the plot to the utmost left. The gray curves correspond to the experimental data, while the red
curves correspond to the simulated data. For the chosen fiber length and requested second order
orientation tensor, the stiffness obtained through simulation is reasonably close to what we
experimentally observe. Each stochastically generated RVE is shown to have different stiffness,
and we may attribute the differences in stiffness to the micro-morphological details. Therefore,
micro-morphology plays an important role for the stiffness of the RVE. Figure 4.8 (b) shows us
the effective stiffness comparison. The average stiffness for all stochastically generated RVEs has
been computed to be 8.9GPa and the experimentally obtained average stiffness has been calculated
to be 9.0GPa, there is a 1.1% difference between the simulated stiffness and the experimentally
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obtained stiffness. The simulated results do show a higher coefficient of variance relative to the
experimental results in regards to the stiffness, this suggests the stochastic generation process
induces a greater variability in stiffness properties. Similarly, the strength of the RVEs are a result
of the micro-morphology and we can evidently observe the different values of strength in Figure
4.8 (b). The average predicted strength of the RVEs is found to be 100MPa, with a coefficient of
variance of 9.8%. The experimental results show a slightly higher average strength of 106MPa
with a coefficient of variance of 2.2%. Similar to the stiffness predictions, we observe the
stochastic generation processes induces a greater degree of variability in strength properties. For
Figure 4.8 (a), the plot on the right illustrates the relationship between effective stiffness and
effective strength. The plot suggests there is no direct correlation between stiffness and strength;
in other words, a greater quantity in stiffness does not imply an increase in strength. The
mechanical behavior is a result of the complex stress transfer process that occurs within the RVE.
Despite having a greater degree of alignment which may result in greater stiffness, there may be
regions of high stress concentrations due to local fiber clustering that may reduce the overall
strength of the RVE.
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(a)

(b)
Figure 4.8 Stochastic tensile properties of a short fiber composite: simulated and experimental
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Figure 4.9 Stress field of solely the matrix in two separate RVEs with different stochastic
morphologies, the contour plot indicates the level of stress concentration or localized stress
normalized to the homogenized stress
Figure 4.9 above depicts the strain field within the two RVEs solely due to the matrix (i.e.,
the fibers have been omitted), they both possess different morphological characteristics. The strain
field is a result of the uniaxial load applied along the 𝑥$ direction. Both strain fields were taken
within the linear elastic zone at an effective strain of 𝜀$$ = 0.3%. The differences in strain field
are translucent, the contour colors denote the level of stress concentration within the RVE and it
is a measure of the localized uniaxial stress, 𝜎$$ (𝑥$ , 𝑥% , 𝑥& ), over the effective stress, 𝜎$$ . For the
RVE on the left, we do not observe stress concentrations beyond 1. On the other hand, the
concentration is observed to be as high as 1.6 for the RVE shown on the right.
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Figure 4.10 Observation of the fractured surface topology in the experimental tensile coupon and
comparison between experimental fracture topology and digital fracture topology

Figure 4.10 above compares the fracture surface of a post-mortem tensile coupon with the
fractured RVE. The SEM micrograph was selected at a random location on the fracture surface.
The irregular surface is due to the brittle fracture of the matrix that is observed for the additively
manufactured short fiber composite material, and we can observe that most fibers within this
randomly selected region are pulled out from the polycarbonate matrix. One possible explanation
for the fiber pullout mechanism is due to the fibers being shorter than what is needed for the matrix
to successfully transfer the stresses onto the fibers. The simulated results reflect the failure
mechanisms that we observe for the experimentally tested tensile coupons.
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5. CONCLUSIONS

Additively manufactured composites inherently contain a microstructure. The
microstructure of an additively manufactured short fiber composite is defined by the EDAM
process. If we wish to make changes in the EDAM process such as changing the nozzle size, we
end up with a different microstructure. Two samples were printed with a different nozzle size and
the same processing conditions, the micrograph for the sample printed with the smaller nozzle size
displayed a greater degree of collimation along the print path than the second sample printed with
a larger nozzle size. Characterizing the mechanical performance of these materials because of
varying microstructures is widely recognized as a laborious and expensive proposition, especially
if we wish to explore many changes made with the EDAM process. The homogenization methods
used in multiscale analyses has been adopted for the purpose of constructing the framework for
investigating the mechanical performance for additively manufactured short fiber composites
materials. The concept of an RVE was adopted and the continuum hypothesis was considered to
construct a meaningful representative subscale volume of an additively manufactured bead. The
advances made in micromechanics have been reviewed and the finite element method was deemed
most appropriate for modeling the subscale volume. Previous work in short fiber composite have
provided insight for modeling short fiber RVEs and implementing progressive failure analysis.
However, limited articles exist on implementing progressive damage analysis for studying the
structure-property relations in short fiber composite RVEs.
A sample of printed carbon fiber reinforced polycarbonate with 20% fiber weight fraction
was used as the starting point. Experimental trials were conducted to study the microstructure,
these included fiber length extraction experiments, optical micrographs, mechanical tensile testing
and fracture surface SEM imaging. The experimental examinations revealed the distributions in
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fiber length, degree of fiber alignment to the print direction, fiber volume fraction, fiber diameter,
void volume fraction, and void shape/size. The microstructure was found to have and number
average fiber length of 160𝜇m, degree of alignment (𝑎$$ ) of 0.8, fiber volume fraction of 12.4%,
fiber diameter of 6𝜇m, void volume fraction of 1.2%, void major axis of 28𝜇m and void minor
axis 25𝜇m. The averaged quantities were used as inputs for obtaining a statistically representative
volume element for the additively manufactured bead. Homogenization was used as a tool of study
and several assumptions about the RVE was made in regards to the boundary conditions and
geometry. The generation of the RVE was performed through the computational package Digimat©
FE, and the mesh imported into Abaqus/Standard (Implicit) finite element solver. The material
models were specified in the finite element solver program, and the localized stress/strain fields
were obtained. Several observations were made from the solved RVE model: the fields were nonuniform, matrix cracking and interfacial disbonding were the main causes of failure, and failure
initiated from regions near the fiber ends. The results obtained were in reasonable agreement to
the experimental results from the tensile tests.
The structure property relationship was investigated by generating multiple RVEs in a
stochastic fashion. Each generated RVE possessed the same requested orientation tensor and were
described by the same micromechanical descriptors. The use of a pseudorandom number generator
in the RSA algorithm ensured stochastic placement of inclusions within the RVE. Each RVE was
described by their own unique morphology, and the analyses shown variations in the homogenous
mechanical response. The average modulus and strength for the stochastically generated RVEs
were 8.9GPa and 100MPa, with a coefficient of variance of 6.3% and 9.8%, respectively. The
RVE with less fiber alignment and more void inclusions was observed to possess the lowest
mechanical performance, and the RVE with no voids and a greater degree of fiber alignment
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exhibited the best mechanical performance. The variability observed due to morphological
differences resembled the variations obtained with the experimental tensile coupons. Lastly, this
study proved the use of progressive failure analysis for studying subscale microstructures and
obtain homogenized mechanical response feasible as well as practical for further studies involving
microstructural mechanical response.
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6. FUTURE WORK

The next steps for continuation of this works involves the following:

1. Sensitivity study of the solution to the parameters of material models

The material models include the constitutive behavior of the constituents (i.e., the fiber,
matrix, and interface). The matrix undergoes progressive failure from the XFEM formulation that
uses the maximum principle stress criterion and damage evolution laws to determine the initiation
and propagation of the crack. The inputs required are the matrix strength and the delamination
energy/fracture energy. The influence of matrix strength or fracture energy will influence the
homogenized properties, though the extent is unknown. An RVE can be generated and the
specified matrix strength can be modified from 10MPa to 70MPa in increments of 5 or 10MPa
while keeping all other parameters constant. Similarly, the fracture energy can be modified in the
same fashion while keeping the matrix strength constant. The other parameters than can be
modified are the normal and shear properties of the interface as well as the evolution energy law
values. Furthermore, the fibers can be modeled to undergo damage and the value of fiber strength
may also be modified for the parametric study.

2. Residual thermal stresses

The residual thermal stress occurs due to the mismatch in coefficient of thermal expansion
between the constituent phases. Several RVEs will need to be generated guided by the statistical
distribution of the micromechanical descriptors obtained through experiments. The coefficient of
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thermal expansion will be specified in the material model and the temperature change will be
imposed based on the additive manufacturing process. The analysis can be done using
Abaqus/Standard (Implicit) using a two-step process. The first step solves the thermo-mechanical
problem, and the second step solves the mechanical problem. The effects of residual stresses based
on the morphology and micromechanical descriptors can be studied.

3. Analysis of fundamental stress sharing in short fiber composites with aligned fibers

A hexagonally closed packed or square packed periodic RVE structure composed of
discontinuous fibers may be generated for this study. The material models previously used can be
adopted in the idealized formulation. The micromechanical descriptors can be modified based on
the collected statistical data obtained experimentally. The fiber length, fiber diameter, fiber volume
fraction, fiber orientation, void size and void volume fraction can be altered to understand how the
localized stress and strain field changes and identify which conditions are favorable to the stress
transfer that occurs within the additively manufactured short fiber composites.

4. Effect of fiber spatial arrangements

In Digimat© FE, the fibers within an RVE can be positioned according to the user’s
specification. A relatively small RVE may be generated with a small number of inclusions. The
fiber orientation may be kept parallel to the 𝑥$ direction. The same material models used for
describing the additive manufactured bead may also be used. The analysis can be solved using the
Abaqus/Standard (Implicit) solver. Several of these RVEs can be generated with different fiber
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spatial arrangements. Two sets of RVEs should be generated, a set containing RVEs with fibers in
some structured order and the other set with stochastic fiber placements. The localized fields can
be studied and homogenized to understand the differences in mechanical response from both sets.

5. Critical fiber length in a deterministic micro-structure

From the shear lag model or a simple stress balance free body diagram, a critical fiber
length can be formulated based on the fiber interfacial shear strength and the axial strength. The
critical fiber length is a value that determines whether a fiber is likely to handle the stresses from
the matrix via shear. Fibers below this critical length are believed to pull-out of the matrix, and
fibers above are assumed to break. Similar to the fiber spatial arrangement fundamental study,
Several RVEs may be generated in an ordered or stochastic fashion and the fiber length can be
modified to determine whether the critical fiber length formulation agrees with the finite element
solution. We may study how the critical fiber length is affected with and without stochastic
morphology.
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APPENDIX

Below is a table with the summarized values used for the simulations and their respective
reference source.
Matrix Properties
Material Property
Polycarbonate Strength
Fracture Energy
Modulus
Poisson’s Ratio

Value {units}
35 {MPa}
0.01 {kJ/m2}
2400 {MPa}
0.38

Interface Properties
Material Property
Contact Stiffness
Cohesive Stiffness
Cohesive Peel Strength
Shear Strengths, 𝑡Ï = 𝑡ß
Mode I Cohesive Fracture Energy, 𝐺Úì
Mode II/III Cohesive Fracture Energy, 𝐺ÚÚì = 𝐺ÚÚÚì

Value {units}
10000 {N/mm3}
105 {N/mm3}
20 {MPa}
25 {MPa}
0.1 {N/mm}
0.1 {N/mm}

Carbon Fiber Properties
Material Property
Longitudinal Modulus, 𝐸$
Transverse Modulus, 𝐸% = 𝐸&
Transverse Poisson’s Ratio, 𝜈$& = 𝜈$%
In-Plane Poisson’s Ratio, 𝜈%&
Transverse Shear Modulus, 𝐺$% = 𝐺$&

Value {units}
200000 {MPa}
20000 {MPa}
0.2
0.4
15000 {MPa}

Notes
Koyanagi et al. suggest that the interfacial fracture energy should be 1 𝑁/𝑚 (0.001 𝑘𝐽/𝑚% ),
and highlights that other researchers typically use values between 10–200 𝑁/𝑚 (0.01–0.20 𝑘𝐽/𝑚% )
[112]. The above values for the interface, matrix and fiber were influenced from the following
references [77], [112], [121]–[124], [113]–[120]. While some references provide direct material
property values, the non-provided values were assumed within the bounding regions of typical
values used for epoxy or thermoplastic polymers.
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